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1 Introduction

The notion of economic insecurity has become increasingly important in policy debates.
Economic insecurity is the anxiety produced by the possible exposure to adverse economic
events and by the anticipation of the difficulty to recover from them. The Commission
on the Measurement of Economic Performance and Social Progress (see Stiglitz, Sen
and Fitoussi, 2009) argued in its report that economic insecurity should be one of the
dimensions according to which individual well-being is to be analyzed. The Commission
highlighted that there are many factors shaping economic insecurity which are reflected
in the variety of approaches used to measure them. In this contribution we focus on the
sentiment of economic insecurity of a relevant share of the population: those who are
employees.

The analysis carried out here extends some of our previous work. In Bossert and
D’Ambrosio (2013), we proposed a class of measures of individual insecurity that are
based on current net wealth levels and variations in these levels in the past. Because net
wealth can very well be negative, an absolute approach was employed. We characterized
indices such that only current wealth levels and its absolute changes in the past mat-
ter. From a conceptual point of view, we still consider wealth to be the natural variable
when studying the notion of economic insecurity. More precisely, the notion of wealth
we have in mind is comprehensive, a variable encompassing everything that may help an
individual in coping with adverse events. The wealth of an individual should include, for
instance, claims on governments, family, friends etc. Sen (1976) refers to these claims as
entitlements—consumption bundles available to an agent given her rights and opportu-
nities; see also Sen (1984, p.497). However, there are major difficulties when it comes
to the empirical investigations because longitudinal data do not contain information of
this nature. Therefore, an alternative approach from a practical perspective is to focus
on income obtained from employment earnings, that is, income from remunerative work
performed by an individual as an employee. In doing so, data availability is not much
of a problem given that employee income is a standard variable collected in household
surveys. We are well aware that we thereby exclude part of the population. However,
we focus on a consistent share of decisive socio-political agents in our societies. The vast
majority of individuals in the labor force are indeed employees. According to Eurostat
(2013), employees accounted for 83.3 percent of total EU employment in 2012. Of course,
employment income does not tell the full story of an individual’s ability to absorb eco-
nomic shocks and, thus, such an approach can be no more than an approximation that
is imposed by data constraints. Still, we believe that insecurity raised by employment
income plays a major role in the concerns of an individual.

The insecurity that an individual may perceive is also likely be influenced by the
dynamics of the labor market she is a member of and by the comparison to others in
a similar situation. The most straightforward variable to capture the additional effect
of the condition of the labour market is the employment rate. The latter is indeed the
standard variable labor economists use to summarize the relative bargaining power of a
worker: the more people an individual sees employed, the less likely it is that she will lose
her job or be payed less. The consideration of the effects on insecurity of the evolution of
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employment rates over time represents an additional novelty of the present contribution.
Because employment income can be treated as a positive variable and employment

rates as numbers strictly between zero and one, it is now possible to apply relative no-
tions of insecurity. This contrasts with the net wealth approach explored in Bossert and
D’Ambrosio (2013) where the possibility of negative net wealth levels rules out the use
of relative changes. Because relative variations are well-established and well-motivated
in all branches of the theory of economic index numbers, this is an important considera-
tion. The indicators we propose can be viewed as being ‘dual’ to the absolute measures
characterized in Bossert and D’Ambrosio (2013). However, we use a system of axioms
for their characterization that are not mere translations of the original axioms into the
relative setting. We also include the additional effect of the dynamics of the labor market
an individual is a member of. The combination of these two determinants of economic
insecurity into a single measure appears to be a rather difficult task because the vari-
ables are very different and can be viewed as incommensurable. We therefore suggest to
use a more modest approach that establishes a dominance quasi-ordering which allows
for instances of non-comparability. We apply the proposed measure to analyze economic
insecurity within Southern European Union countries from 2005 to 2012 using data from
the European Union Statistics on Income and Living Conditions (EU-SILC). We focus
on those countries in the Eurozone for which information on net employment income is
available. These countries are Greece, Italy, Slovenia, Spain and Portugal, all hardly hit
by the Eurozone crisis.

This paper is organized as follows. Section 2 contains our main theoretical result—a
characterization of a class of individual insecurity measures based on employment income.
Because the proof of the result is rather lengthy, it is relegated to the Appendix. In Section
3 we analyze measures of insecurity that are based on employment rates. An application
to EU member states is the focus of the next section and Section 5 concludes.

2 Employment income streams and insecurity

For any T ∈ N0, let RT+1
++ be the positive orthant of the (T + 1)-dimensional Euclidean

space with components labeled (−T, . . . , 0). Zero is interpreted as the current period and
T is the number of past periods taken into consideration. We allow T to vary because
people alive in the current period may have been born (or have become economic agents)
in different periods. An index of employment income insecurity is a sequence of functions
V =

〈
V T

〉
T∈N0

where, for each T ∈ N0, V T : RT+1
++ → R++. Thus, each V T assigns a

degree of insecurity to each employment income stream x = (x−T , . . . , x0) ∈ RT+1
++ . We

adopt the notational convention
∏

j∈∅ aj = 1.

In this section, we focus on the following class of indices Vα,β =
〈
V T

α,β

〉
T∈N0

that

involves two parameters α and β. To define this class, we let, for any pair of parameters
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(α, β) ∈ R++ × (−1, 0),

V T
α,β(x) =

∏
t∈{1,...,T}:

x−t≥x−(t−1)

(
x−t

x−(t−1)

)α

·
∏

t∈{1,...,T}:
x−t<x−(t−1)

(
x−t

x−(t−1)

)β

· 1

x0

(1)

for all T ∈ N0 and for all x ∈ RT+1
++ .

We want to stress at this point that an index of individual employment insecurity does
not behave in the same fashion as, for example, an index of individual well-being. Varia-
tions in employment income experienced over time contribute positively to the sentiment
of insecurity even if these variations represent gains. Clearly, this would be at odds with
an interpretation of the index as a measure of individual well-being: if an employment
income stream x (weakly) dominates another stream y in the sense that, in each period,
employment income in x is greater than or equal to employment income in y, an index
of individual well-being would be expected to assign a level of individual well-being to x
that is at least as high as that assigned to y. Clearly, this is not the case for the measure-
ment of individual insecurity—the mere observation that there is any variation in past
employment income levels increases the sentiment of insecurity (in the sense of reduced
predictability).

This observation can be illustrated with a simple example. Suppose that we choose the
parameter values α = 0.5 and β = −0.5. Consider the three streams (2, 2, 2), (2, 3, 2) and
(2, 1, 2). Note that, for all three streams, the current income level is equal to 2. According
to the insecurity measure defined above, we obtain V 2

1,−1(2, 2, 2) = 0.5, V 2
1,−1(2, 3, 2) = 0.75

and V 2
1,−1(2, 1, 2) = 1. The least insecure stream is (2, 2, 2) because it does no involve any

variation in employment income. The second-lowest value of insecurity is obtained for the
stream (2, 3, 2) and the most insecurity is associated with (2, 1, 2).

The status of (2, 2, 2) as the lowest-insecurity stream is determined by the complete
lack of variation—throughout the observed time periods, employment income remains
unchanged. In contrast, for the streams (2, 3, 2) and (2, 1, 2), there are two variations
occurring from period −2 to period −1 and from period −1 to the current period 0. If
we were to measure individual well-being as opposed to individual insecurity, any plausi-
ble monotonicity property would demand that, among these three, (2, 3, 2) is the stream
associated with the highest level of well-being, followed by (2, 2, 2) and, finally, (2, 1, 2)
comes in last with the lowest level of well-being. But this is not the ranking we observe
when measuring insecurity because of the variation present in the streams (2, 3, 2) and
(2, 1, 2). Note that (2, 1, 2) is considered more insecure than (2, 3, 2) in the example.
Loosely speaking (and bearing in mind that this comment applies to this particular ex-
ample), the up-and-down movement in (2, 3, 2) fares better overall than the down-and-up
movement in (2, 1, 2) because we now can invoke some notion of dominance, given that
there are two variations of equal relative magnitude in both streams.

We now introduce some properties of a measure of employment income insecurity the
conjunction of which characterizes the class defined above. All but one of them only apply
to employment income streams with at most a one-period history and, thus, are rather
weak in scope. However, this feature is obtained at the price of having a quite strong
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remaining axiom that implicitly imposes a time-indifference property. We will discuss this
feature and possible alternative approaches after all our axioms have been defined.

One-period homogeneity of degree minus one. For all x0, λ ∈ R++,

V 0(λ · x0) =
1

λ
· V 0(x0).

One-period homogeneity of degree minus requires that insecurity is inversely proportional
to current employment income in cases where the individual under consideration just
becomes an economic agent so that there is no historical development to be taken into
account. Thus, the axiom is weak in the sense that it applies to a small class of (degen-
erate) employment income streams only. Clearly, the inverse relationship is essential to
capture the fundamental assumption that, in the absence of any history, higher current
employment income is associated with lower individual insecurity. That this relationship
takes the form of a homogeneity property is a strengthening of this monotonicity assump-
tion, of course, and it reflects the proportional nature of the approach that underlies the
model discussed here.

One-period multiplicativity. For all x0, x
′
0 ∈ R++,

V 0(x0 · x′0) = V 0(x0) · V 0(x′0).

This property reflects the relative (multiplicative) nature of insecurity that we examine
here. Its sole purpose is to introduce an innocuous normalization of our index when there
is no history to be taken into consideration. Specifically, as will become clear in the proof
of our main result, the axiom ensures that the value of V 0 at a current employment income
level of one is equal to one. This normalization is merely for convenience; clearly, replacing
this value of one with any positive value would not change the rankings of employment
income streams generated by our measures.

Two-period expansion neutrality. For all x0 ∈ R++,

V 1(x0, x0) = V 0(x0).

Two-period expansion neutrality requires that if there is no variation in a two-period
stream, then insecurity is determined by the insecurity associated with the current income
level. This is in line with our interpretation of individual insecurity alluded to above.

Two-period rank-ordered monotonicity. (i) For all (x−1, x0) ∈ R2
++ and for all

x′−1 ∈ R++ such that x′−1 > x−1 ≥ x0,

V 1(x′−1, x0) > V 1(x−1, x0).
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(ii) For all (x−1, x0) ∈ R2
++ and for all x′−1 ∈ R++ such that x0 ≥ x′−1 > x−1,

V 1(x′−1, x0) < V 1(x−1, x0).

The appeal of this monotonicity property is immediate. In two-period situations, for
values of last period’s incomes that are greater than or equal to the current income, inse-
curity is increasing in x−1, whereas the requisite monotonicity is reversed in regions where
last period’s employment income is less than or equal to current employment income.

Two-period rank-ordered multiplicativity. (i) For all (x−1, x0), (x
′
−1, x

′
0) ∈ R2

++ such
that x−1 ≥ x0 and x′−1 ≥ x′0,

V 1(x−1 · x′−1, x0 · x′0) = V 1(x−1, x0) · V 1(x′−1, x
′
0).

(ii) For all (x−1, x0), (x
′
−1, x

′
0) ∈ R2

++ such that x−1 ≤ x0 and x′−1 ≤ x′0,

V 1(x−1 · x′−1, x0 · x′0) = V 1(x−1, x0) · V 1(x′−1, x
′
0).

As is the case for one-period multiplicativity, the corresponding property for two-period
streams reflects the relative nature of our approach. Note that this axiom comes in two
parts because it is restricted to the rank orders of the employment incomes involved.
Thus, this multiplicativity does not apply across rank orders. That the property is weak
in this sense is of importance because, if it were to hold across rank orders, gains and
losses would have to be treated identically, which is in immediate conflict with the natural
interpretation of the contribution of gains and losses to insecurity.

Two-period domination. For all (x−1, x0) ∈ R2
++ and for all x′0 ∈ R++ such that

x′0 > x0 > x−1,
V 1(x−1, x

′
0) < V 1(x−1, x0).

This axiom ensures that, in two-period situations, the higher variation in income generated
by a increase from x−1 to x′0 as compared to an increase from x−1 to x0 < x′0 does not
outweigh the higher present-period income x′0. Thus, the property excludes counter-
intuitive insecurity rankings by considering the effect of a present-income increase to
dominate the effect of the higher variation. As an illustration, suppose that x−1 = 2,
x0 = 3 and x′0 = 4. Two-period domination guarantees that V 1(2, 4) < V 1(2, 3). Note
that we do not impose an analogous requirement that applies to situations in which
x−1 > x′0 > x0. The reason is that, in these cases, the variation is lower and the present
income is higher in (x−1, x

′
0) than in (x−1, x0) and, thus, the two effects push in the same

direction.

Proximity-indifferent recursivity. There exists a function Φ: R2
++ → R++ such that,

for all T ∈ N and for all x ∈ RT+1
++ ,

V T (x−T , . . . , x0) = Φ

(
x−T

x−(T−1)

, V T−1(x−(T−1), . . . , x0)

)
.
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Proximity-indifferent recursivity is a separability condition that accommodates the unidi-
rectional flow of time. Thus, the axiom is weaker than separability properties that apply
to all subgroups of variables; see, for instance, Blackorby, Primont and Russell (1978) for
a detailed discussion. The axiom is analogous to the corresponding property employed in
Bossert and D’Ambrosio (2013) but it is stronger in scope because the aggregator function
Φ does not depend on the time period under consideration. This is the reason why our
remaining axioms only need to hold for one-period or two-period situations. Implicit in
our formulation is a notion of proximity indifference in the sense that past fluctuations
are remembered irrespective of when exactly in the past they occurred; this is in line
with Allais’s (1966, p.1128) view that, in some circumstances, “...forgetfulness per unit
of time is constant.” The period-independence feature of the axiom is responsible for the
observation that we merely have two parameters in our class of measures—the weaker
version that allows Φ to be T -dependent would also allow the parameters α and β to be
period-dependent. This could be done without any difficulties in the present setting.

We now obtain a characterization of the class Vα,β by means of the above axioms.

Theorem 1. An employment-income insecurity index V satisfies one-period homogene-
ity of degree minus one, one-period multiplicativity, two-period expansion neutrality, two-
period rank-ordered monotonicity, two-period rank-ordered multiplicativity, two-period dom-
ination and proximity-indifferent recursivity if and only if there exists (α, β) ∈ R++ ×
(−1, 0) such that V = Vα,β.

Proof. See the Appendix.

An obvious method of obtaining aggregate measures of employment income insecurity
consists of computing medians of the individual values. This is the standard summary
statistic often used to describe the distribution of employment income; see, for example,
Brandolini, Rosolia and Torrini (2012). These authors use the same dataset we do and, as
is the case for our empirical analysis, find that the presence of outliers renders the median
preferable to the mean.

3 Employment rates and insecurity

A possibility for enriching the setting analyzed in this paper consists of adding fur-
ther variables that might be relevant for employment related insecurity, provided that
data on these variables are available. Obvious candidates are the employment rates
e = (e−T , . . . , e0) ∈ (0, 1)T+1 observed in the relevant periods. These capture a com-
parison effect among employees: the more people an individual sees employed, the less
likely it is that she will lose her job or be subject to a wage cut.

We first deal with insecurity measures that depend on employment rates only and
then discuss the possibilities of combining the two criteria (employment income and em-
ployment rates) in order to obtain a more comprehensive notion of economic insecurity
that is based on the employment income situation of the agents.

In the case of employment rates as the relevant variables, an index of individual insecu-
rity is a sequence of functions W =

〈
W T

〉
T∈N0

where, for each T ∈ N0, W T : (0, 1)T+1 →
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R++. Thus, each W T assigns a degree of insecurity to each employment rate stream
e = (e−T , . . . , e0) ∈ (0, 1)T+1. Again, we adopt the notational convention

∏
j∈∅ aj = 1.

With the necessary modifications in order to account for the different domains (the
Cartesian product of the open interval (0, 1) in the case of employment rates as compared
to the Cartesian product of R++ for employment incomes), we obtain a parallel class of
two-parameter measures defined as follows. For any pair of parameters (γ, δ) ∈ R++ ×
(−1, 0),

W T
γ,δ(e) =

∏
t∈{1,...,T}:

e−t≥e−(t−1)

(
e−t

e−(t−1)

)γ

·
∏

t∈{1,...,T}:
e−t<e−(t−1)

(
e−t

e−(t−1)

)δ

· 1

e0

(2)

for all T ∈ N0 and for all e ∈ (0, 1)T+1. Again, the median can be applied to obtain
aggregate measures of employment rate insecurity.

When it comes to combining the two criteria of employment incomes and employment
rates, some caution may be advisable in this context. Variables such as employment
incomes and employment rates can be viewed as being incommensurable and, thus, it is by
no means obvious how one of these determinants of insecurity is to be traded off against the
other. Thus, a suitably modest approach consists of applying the two criteria (and possibly
others) by means of a dominance criterion, thus allowing for some non-comparability that
is intended to reflect the underlying incommensurability of the variables employed. To
be precise, consider T, T ′ ∈ N0, (x, e) ∈ RT+1

++ × (0, 1)T+1 and (x′, e′) ∈ RT ′+1
++ × (0, 1)T ′+1.

Now comparisons of (x, e) and (x′, e′) can be performed by saying that (x, e) is associated
with at least as much insecurity as (x′, e′) if and only if

V T
α,β(x) ≥ V T ′

α,β(x′) and W T
γ,δ(e) ≥ W T ′

γ,δ(e
′),

that is, if and only if both V and W assign levels of insecurity to (x, e) that are at least
as high as those assigned by V and W to (x′, e′). Clearly, this results in a quasi-ordering
(a reflexive and transitive but not necessarily complete relation) defined on possible pairs
of employment income streams and employment rate streams.

When the distributions of economic insecurity are summarized by their medians, dom-
inance can be easily checked: one country unequivocally experiences less insecurity than
another if and only if the median values of insecurity in employment income and employ-
ment rates in the first are lower than the corresponding values in the latter.

4 An application to EU member states

In this section, we illustrate the indices defined in (1) and (2) by applying them to
the problem of measuring economic insecurity in Southern European (henceforth SE)
countries. The dataset we use is EU-SILC (release August 2014), which is employed
by the European Union member states and the Commission to monitor national and
EU progress towards key objectives for the social inclusion process and the Europe 2020
growth strategy. We focus on the panel component of the dataset. EU-SILC is only a
rotating panel, where individuals are interviewed for a maximum of four years, with the
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exception of France, where this number raises to nine years, and Luxembourg, which is
a standard panel survey. For this reason we have information on individuals for only
four consecutive years. Our analysis is for the years from 2005 to 2012 during which
we observe five balanced panels of individuals for each country: the first from 2005 to
2008, the second from 2006 to 2009, the third from 2007 to 2010, the forth from 2008 to
2011 and the fifth from 2009 to 2012. We analyze only the SE countries belonging to the
Eurozone in 2011 for which net employment income is available. These are Spain (ES),
Greece (GR), Italy (IT), Portugal (PT) and Slovenia (SL). The variable at the basis of
the index of employment income insecurity is yearly employee cash or near cash income
which is the monetary component of the compensation of employees in cash payable by an
employer to an employee. To this variable we added other forms of income the employee
is entitled to in case of unemployment, sickness and disability. Our sample is composed
of individuals aged between 15 and 64, who are always employees, either part-time or
full-time. We drop cases of missing or zero incomes. The size of the sample changes by
country. We observe a total of 7604 individuals for Spain, 2473 for Greece, 9190 for Italy,
2609 for Portugal and 7412 for Slovenia. We use sample weights in the analysis. The
results are first provided for the entire sample. We then focus on two relevant subgroups
of the population distinguishing according to age (younger than 25 in the first year of the
panel versus at least 25) and gender. Unfortunately the sample size for the individuals
younger than 25 is very small (between a total of 147 in Greece and 532 in Italy, with
no observations for Portugal in the first panel). Nonetheless we have decided to provide
these results to offer some additional evidence for the debate of differential treatment of
generations in the labour market. Genders are equally represented with an average of 4/5
of the sample being composed of women.

The standard indicators of economic performance of these countries highlight the heavy
negative effect of the double-dip of the Eurozone crisis with the difficulties the South is
encountering in overcoming the crisis. In Figure 1 we plot real GDP growth rates and
unemployment rates with the average of the EU-28 as a reference. The SE countries
are the ones experiencing the lowest real GDP growth rates since 2009, with Italy and
Portugal suffering from low growth for much of the previous decade; Spain and Greece
show rocketing unemployment rates starting in 2008. The unemployment rate is increasing
in the other countries as well, with a relatively more stable path in Slovenia and Italy.

We compute economic insecurity on two sets of parameter values: α = 0.5 and β =
−0.5 and α = 1 and β = −0.5. In the second scenario a gain receives more weigh
than a loss, ceteris paribus. Since we do not observe any change in the rankings of the
countries, we report only the results for the first set of values. In Figure 2 are the results
for the total sample. Looking first at employment income in Panel A, Portugal is the
most insecure country followed by Slovenia which crosses Greece only for the last panel
of individuals. These three countries dominate Spain and Italy, and Spain dominates
Italy. Panel B contains the results for the second component of the insecurity sentiment
of an individual, the employment rate. The severe Greek recession is more evident with
a steep increase of insecurity in the subsequent panels of individuals. Spain is the most
insecure country in every panel but in the last where this position is occupied by Greece.
Greece and Portugal dominate Italy and Slovenia. These two pairs of countries show a
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few crossings in the panel groups. Overall (that is, based on employment incomes and
employment rates), a few clear-cut cases emerge: Italy is the least insecure country of all
but Slovenia; the latter is less insecure than Portugal. For the other countries the results
change over time.

In Figure 3, we illustrate the results for the age subgroups of the population. The effect
of the Greek recession among young workers is more pronounced than before: Greece is
the most insecure country of all for the last panel of individuals. The plague of the Italian
youth unemployment led Italy to lose its global lead over Portugal, as evident from Panel
B of Figure 3. Slovenia is now the least insecure country according to employment rates
and, in some cases, Portugal shows lower values than Italy.

The remaining two panels of Figure 3 depict the results for individuals who are at
least 25 years of age. As is to be expected from the previous results on the younger labor
force, the peak that Greece experiences in the last panel group is less pronounced. The
results on insecurity based on employment incomes are the same as those we observe for
the total sample in Panel A of Figure 2. However, the results do change when it comes
to insecurity due to employment rates; now Spain is the most insecure country of all.

Gender groups are analyzed in Figure 4. Panel A and B report the results for female
workers. The ranking of the countries is the same as that observed for the entire sample.
Note that the increase in the Greek component of insecurity due to employment rates
reaches Spanish levels already in the fourth panel group. The other side of the coin is
observed in Panel D for male workers where it Spain now emerges as the most insecure
country.

5 Concluding remarks

The objective of this contribution is to provide measures of employment income insecurity
and employment rate insecurity in a setting where relative changes are of importance.
The application to Southern European countries offers an analysis of economic insecurity
among the countries that were the most severely hit by the Eurozone crisis. The results
show a clear increase over time of insecurity due to employment rates. This is a powerful
indicator of the fact that even the employed individuals, whose component of insecurity
due to employment income is more or less constant over time, are feeling more insecure.
This sentiment is extremely pronounced among the Spanish, Greek and Portuguese and
is more intense for men than for women.

Appendix: proof of Theorem 1

First, we prove that Vα,β satisfies the axioms of the theorem statement for all parameter
pairs (α, β) ∈ R++ × (−1, 0). That one-period homogeneity of degree minus one, one-
period multiplicativity and two-period expansion neutrality are satisfied is immediate.
Two-period rank-ordered monotonicity follows from the observation that α is positive
and β is negative. Two-period rank-ordered multiplicativity can be verified by simple

9



substitution. Two-period dominance is satisfied because β > −1. Finally, to establish
proximity-indifferent recursivity, we define the function Φ: R2

++ → R++ by letting

Φ(y, z) =

{
yα · z if y ≥ 1,
yβ · z if y < 1

for all (y, z) ∈ R2
++. Substituting, it follows that

V T
α,β(x−T , . . . , x0) = Φ

(
x−T

x−(T−1)

, V T−1
α,β (x−(T−1), . . . , x0)

)
for all T ∈ N and for all x ∈ RT+1

++ .

Conversely, suppose that V satisfies the requisite axioms. We proceed by establishing
the existence of a parameter pair (α, β) ∈ R++ × (−1, 0) such that V = Vα,β. This part
of the proof involves the application of some results on conditional functional equations
(see Aczél and Dhombres, 1989). We provide the requisite arguments in some detail in
order to make our paper more accessible to non-specialists.

Consider first the case T = 0. Let x0 ∈ R++. Setting λ = 1/x0 in the definition of
one-period homogeneity of degree minus one, it follows that V 0(1) = x0 ·V 0(x0) and, thus,

V 0(x0) =
V 0(1)

x0

.

By one-period multiplicativity, we obtain

V 0(1) = V 0(1 · 1) = V 0(1) · V 0(1) = V 0(1)2

which implies V 0(1) = 1 and hence V 0(x0) = 1/x0 because V 0 is positive-valued. Thus,
V 0 = V 0

α,β for any choice of (α, β) ∈ R++ × (−1, 0).
For future reference, note that, by proximity-indifferent recursivity, there exists a

function Φ: R2
++ → R++ (which does not depend on T ) such that, for all T ∈ N and for

all x ∈ RT+1
++ ,

V T (x−T , . . . , x0) = Φ

(
x−T

x−(T−1)

, V T−1(x−(T−1), . . . , x0)

)
. (3)

Now let T = 1. In this case, (3) yields

V 1(x−1, x0) = Φ

(
x−1

x0

,
1

x0

)
for all (x−1, x0) ∈ R2

++ because V 0(x0) = 1/x0 as established earlier.
Part (i) of two-period rank-ordered multiplicativity demands that

Φ

(
x−1 · x′−1

x0 · x′0
,

1

x0 · x′0

)
= Φ

(
x−1

x0

,
1

x0

)
· Φ

(
x′−1

x′0
,

1

x′0

)
(4)
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for all (x−1, x0), (x
′
−1, x

′
0) ∈ R2

++ such that x−1 ≥ x0 and x′−1 ≥ x′0, whereas part (ii)
of this axiom requires that (4) be satisfied for all (x−1, x0), (x

′
−1, x

′
0) ∈ R2

++ such that
x−1 ≤ x0 and x′−1 ≤ x′0. Letting x0 = x′0 = 1 in (4), part (i) of two-period rank-ordered
multiplicativity requires

Φ(x−1 · x′−1, 1) = Φ(x−1, 1) · Φ(x′−1, 1) for all x−1, x
′
−1 ∈ [1,∞), (5)

whereas, by part (ii) of the axiom,

Φ(x−1 · x′−1, 1) = Φ(x−1, 1) · Φ(x′−1, 1) for all x−1, x
′
−1 ∈ (0, 1]. (6)

Define g : [1,∞) → R++ by letting g(y) = Φ(y, 1) for all y ∈ [1,∞). By part (i) of
two-period rank-ordered monotonicity, g is an increasing function. Furthermore, by (5),

g(y · z) = g(y) · g(z) for all y, z ∈ [1,∞). (7)

For given y, z ∈ [1,∞), let u, v ∈ R+ be such that y = exp(u) and z = exp(v), and define
the function ḡ : R+ → R++ by letting ḡ(u) = g(exp(u)) for all u ∈ R+. Clearly, ḡ is
well-defined throughout its domain because y = exp(u) implies u = ln(y) and, thus, u
can assume any value that is greater than or equal to 0 = ln(1) because y can assume
any value in [1,∞). Also, ḡ is increasing because g is increasing. Changing variables, (7)
implies

g(exp(u + v)) = g(exp(u) · exp(v)) = g(exp(u)) · g(exp(v)) for all u, v ∈ R+

and, thus,
ḡ(u + v) = ḡ(u) · ḡ(v) for all u, v ∈ R+. (8)

Because ḡ is increasing and its domain is R+, we can apply Theorem 5 in Chapter 3 of
Aczél and Dhombres (1989, pp. 28–29) to conclude that the only solutions to (8) are such
that there exists α ∈ R such that

ḡ(u) = exp(α · u) for all u ∈ R+.

Because ḡ is increasing, it follows that α ∈ R++. Substituting back, we obtain g(exp(u)) =
exp(α · u) for all u ∈ R+ and, thus, g(y) = exp(α · ln(y)) = yα for all y ∈ [1,∞). Finally,
the definition of g yields

Φ(y, 1) = g(y) = yα for all y ∈ [1,∞). (9)

Now define h : (0, 1] → R++ by letting h(y) = Φ(y, 1) for all y ∈ (0, 1]. By part (ii) of
two-period rank-ordered monotonicity, h is a decreasing function. Furthermore, by (6),

h(y · z) = h(y) · h(z) for all y, z ∈ (0, 1]. (10)

For given y, z ∈ (0, 1], let u, v ∈ R+ be such that y = exp(u) and z = exp(v), and define
the function h̄ : R− → R++ by letting h̄(u) = h(exp(u)) for all u ∈ R+. Clearly, h̄ is
well-defined throughout its domain because y = exp(u) implies u = ln(y) and, thus, u can
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assume any value that is less than or equal to 0 = ln(1) because y can assume any value
in (0, 1]. Also, h̄ is decreasing because h is decreasing. Changing variables, (10) implies

h(exp(u + v)) = h(exp(u) · exp(v)) = h(exp(u)) · h(exp(v)) for all u, v ∈ R−

and, thus,
h̄(u + v) = h̄(u) · h̄(v) for all u, v ∈ R−. (11)

Define h̃ : R+ → R++ by h̃(−u) = h̄(u) for all u ∈ R−. h̃ is increasing because h̄ is
decreasing. Thus, (11) implies

h̃(−u− v) = h̄(u + v) = h̄(u) · h̄(v) = h̃(u) · h̃(v) for all u, v ∈ R−. (12)

Because h̃ is increasing and its domain is R+, we can again apply Theorem 5 in Chapter
3 of Aczél and Dhombres (1989, pp. 28–29) to conclude that the only solutions to (12)
are such that there exists β̃ ∈ R such that

h̃(−u) = exp(β̃ · (−u)) = exp(−β̃ · u) for all u ∈ R−.

Because h̃ is increasing, it follows that β̃ ∈ R++. Substituting back, we obtain

h̄(u) = h̃(−u) = exp(−β̃ · u) for all u ∈ R−.

Setting β = −β̃ ∈ R−−, we obtain h̄(u) = exp(β · u) and thus h(exp(u)) = exp(β · u) for
all u ∈ R−. Thus, h(y) = exp(β · ln(y)) = yβ for all y ∈ (0, 1] and the definition of h
yields

Φ(y, 1) = h(y) = yβ for all y ∈ (0, 1]. (13)

Combining (9) and (13), we obtain

Φ(y, 1) =

{
yα if y ≥ 1,
yβ if y ≤ 1

for all y ∈ R++.
Because V 0(x0) = 1/x0 for all x0 ∈ R++, two-period expansion neutrality implies

V 1(x0, x0) = Φ(1, 1/x0) = 1/x0 for all x0 ∈ R++ and, thus,

Φ(1, z) = z for all z ∈ R++. (14)

Now let x0 = 1 and x′−1 = x′0 in (4).
Part (i) of two-period rank-ordered multiplicativity implies

Φ

(
x−1,

1

x′0

)
= Φ (x−1, 1) · Φ

(
1,

1

x′0

)
(15)

for all x−1, x
′
0 ∈ R++ such that x−1 ≥ 1 and, setting y = x−1 and z = 1/x′0, we obtain

Φ(y, z) = Φ(y, 1) · Φ(1, z) (16)
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for all y, z ∈ R++ such that y ≥ 1. Substituting (9) and (14), it follows that

Φ(y, z) = yα · z

for all y, z ∈ R++ such that y ≥ 1.
Part (ii) of two-period rank-ordered multiplicativity implies that (15) is satisfied for

all x−1, x
′
0 ∈ R++ such that x−1 ≤ 1 and, setting y = x−1 and z = 1/x′0, we obtain (16)

for all y, z ∈ R++ such that y ≤ 1. Substituting (13) and (14), it follows that

Φ(y, z) = yβ · z

for all y, z ∈ R++ such that y ≤ 1. Thus,

Φ(y, z) =

{
yα · z if y ≥ 1,
yβ · z if y ≤ 1

(17)

for all (y, z) ∈ R2
++. Substituting back, it follows that

V 1(x−1, x0) = Φ

(
x−1

x0

,
1

x0

)
=


(

x−1

x0

)α

· 1
x0

if x−1 ≥ x0,(
x−1

x0

)β

· 1
x0

if x−1 ≤ x0

for all (x−1, x0) ∈ R2
++. By two-period dominance, we must have(

x−1

x′0

)β

· 1

x′0
<

(
x−1

x0

)β

· 1

x0

for all (x−1, x0) ∈ R2
++ and for all x′0 ∈ R++ such that x′0 > x0 > x−1. This inequality is

equivalent to (
x0

x′0

)1+β

< 1

which, because x0/x
′
0 < 1, is, in turn, equivalent to β > −1. Thus, β ∈ (−1, 0) and it

follows that V 1 = V 1
α,β.

To complete the proof, we proceed by induction. Let T ≥ 2 and suppose that

V T−1(x) = V T−1
α,β (x) =

∏
t∈{1,...,T−1}:
x−t≥x−(t−1)

(
x−t

x−(t−1)

)α

·
∏

t∈{1,...,T−1}:
x−t<x−(t−1)

(
x−t

x−(t−1)

)β

· 1

x0

for all x ∈ RT
++. By (3) and (17),

V T (x) = Φ

(
x−T

x−(T−1)

, V T−1
α,β (x−(T−1), . . . , x0)

)
=

∏
t∈{1,...,T}:

x−t≥x−(t−1)

(
x−t

x−(t−1)

)α

·
∏

t∈{1,...,T}:
x−t<x−(t−1)

(
x−t

x−(t−1)

)β

· 1

x0

= V T
α,β(x)

for all x ∈ RT+1
++ , as was to be established.
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Figures: 
 
Figure 1: Real GDP Growth Rates     Unemployment Rates 

 
Source: Eurostat: http://ec.europa.eu/eurostat/tgm/table.do?tab=table&init=1&language=en&pcode=tec00115&plugin=1.  
 
Figure 2: Economic Insecurity-Total Sample 
Panel A: Employment Incomes        Panel B: Employment Rates 
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Figure 3: Economic Insecurity-Age Groups 
Panel A: Employment Incomes: Younger than 25     Panel B: Employment Rates: Younger than 25 
 

   
 
Panel C: Employment Incomes: At least 25     Panel D: Employment Rates: At least 25 
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Figure 4: Economic Insecurity-Gender Groups 
Panel A: Employment Incomes: Women      Panel B: Employment Rates: Women 
 

   
 
Panel C: Employment Incomes: Men      Panel D: Employment Rates: Men 

  
 


