
Page 1 of 62 

 

New Mechanics-Based Confinement Model and Stress-Strain Relationship for 

Analysis and Design of Concrete Columns Wrapped with FRP Composites 
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ABSTRACT: The analysis and design of concrete columns wrapped with fiber-reinforced 

polymer (FRP) composites require the mathematical equation of stress-strain relationship and the 

ultimate conditions (i.e., stress and strain) corresponding to the failure of FRP-confined concrete. 

The ultimate conditions of FRP-confined concrete were mostly developed using empirical methods 

based on regression analysis of test data obtained from the literature. There is a lack of mechanics-

based formulations of the ultimate condition. In addition, from a practical design perspective, 

despite new advancements in the field of FRP confinement and the availability of sophisticated 

analysis-oriented and data-driven models, design guidelines and practicing engineers mainly need 

a single equation for the stress-strain relationship of confined concrete. Thus, in this study, a five-

parameter William-Warnke plasticity model was utilized to find a new mechanics-based prediction 

of the ultimate condition of FRP-confined concrete using an updated database of 788 test data. 

Moreover, a new optimized stress-strain relationship based on the general expression of the 

Richard and Abbott equation was developed using 200 complete experimental stress-strain curves 

from 16 different independent studies. The proposed stress-strain relationship was presented in a 

single equation for the ease of application and its performance was verified against the 

experimental curves.  
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1. INTRODUCTION 

It has been almost four decades that FRP-confined concrete columns are being continuously 

investigated by researchers and various predictions of the stress-strain curves and the ultimate 

condition is being updated. Recent studies showed that the finite element modeling (FEM) of the 

FRP-confined concrete is in very good agreement with the experimental tests [1–4]. The 

requirement for accurate FEM is precise plasticity-based failure criteria and damage models. Thus, 

many researchers focused on the development of characteristics of failure surfaces of FRP-

confined concrete columns using Mohr-Coulomb criterion [5,6] and Drucker-Prager failure 

criterion [7–9] as well as developing damage models [10–12]. The latter shows the importance of 

plasticity-based modeling, which can be incorporated into the prediction of ultimate confined 

strength of FRP-confined concrete column. The literature showed that only a few studies 

considered a plasticity-based approach to develop estimation for the ultimate confined strength 

[13–18], while most of the available models were empirically developed using a variety of 

regression techniques [19–28]. Mander et al. [13] developed a model to predict the strength of the 

concrete confined by steel reinforcement using a five-parameter Willam-Warnke model [29] which 

was later improved by Bing et al. [14] for transverse steel. Later, Afifi et al. [15] and Hales et al. 

[16] studied confinement of FRP ties and spirals. Yan et al. [18], calibrated the model for FRP-

wrapped concrete columns. However, the test data used for the calibration was limited (i.e., less 

than 20 data points), and further study is required using more comprehensive and recent database. 

Recently, an updated database of 788 FRP-confined concrete columns is available in the literature 

[26,30]. Therefore, there is a gap in the assessment of the ultimate confined strength using a 

mechanics-based model which engages the most recent FRP-confined column database. Recently, 

more sophisticated methods such as using artificial intelligence (AI) [31,32] and extensive 
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numerical models [33,34] were developed to predict the ultimate condition. However, for design 

and analysis purposes, simplified design-oriented models are the most practical because of their 

simplicity, accuracy, and ease of use. The same concept applies to the stress-strain curves, since 

many analysis-oriented models predict the FRP-confined concrete strength [35–43], while the 

design guidelines [44,45], and in turn practice engineers, use the design-oriented models for 

analysis and design purposes. Thus, this study proposes a simplified design-oriented stress-strain 

relationship for FRP-confined concrete columns using actual FRP-confined stress-strain curves. It 

should be noted that the current study utilizes the mechanics based approach and does not cover 

the concrete strength affected by the stress-path dependence of confinement [108-110] as well as 

the details of concrete microstructures, which would affect the splitting crack onset of core 

concrete [111-112]. The latter is out of the scope of this study. 

In 1982, Fardis and Khalili [46], proposed a design-oriented model to predict the axial 

stress-strain curve of FRP-confined concrete columns. The model was adopted for actively 

confined concrete columns or the ones confined with steel tubes which expressed in form of a 

single parabolic curve, whose accuracy was later improved by other researchers [47–49]. The 

problem with a single parabolic stress-strain model, which mainly is based on the model proposed 

by Popovics [50], is that these curves do not accurately predict the bilinear form of the stress-strain 

curves for FRP-confined concrete columns as observed in the experimental tests. Thus, many 

researchers used the bilinear stress-strain curves to distinguish the FRP-confined concrete behavior 

from steel confined concrete columns [51–55]. These curves consisted of two lines defined by 

three points including the origin, a transition point close to the location of the unconfined concrete 

strength, and the point corresponding to the ultimate condition. However, the problem is that the 



Page 4 of 62 

 

unconfined concrete and confined concrete showed similar behavior in the initial ascending branch 

of the stress-strain curves for low levels of concrete dilation where the confinement is not activated.  

Therefore, in the recent studies, an improved version of the stress-strain curve for FRP-

confined columns was developed which shows an initial parabolic curve followed by a linear part. 

Some researchers have adopted the parabolic part proposed by Hognestad [56] as the initial part 

followed by a secondary linear portion that connects the transition point to the point corresponding 

to the ultimate condition [57–60], while Lam and Teng developed a new prediction for the initial 

portion [25] which was adopted by other researchers [24,61–64]. In form of a single equation, a 

model was proposed by Toutanji [65] based on a general expression developed by Sargin [66] and 

improved by Ahmad and Shah [67] for steel tubes, which was adopted by researchers [22,68]. The 

other popular format of the confined concrete stress-strain curve with one single power equation 

is the general expression proposed by Richard and Abbott [69] which required four parameters 

(i.e. the slope of the initial ascending branch, the secondary slope, the intercept of secondary slope 

and the stress axis, and a polynomial constant which determine the smoothness of transition), 

which was adopted by many researchers [21,70–75]. 

Most of the mentioned models relate the secondary slope of the stress-strain curve to the 

ultimate condition and the intercept of the secondary line with the stress axis. However, the 

ultimate condition is related to the rupture strain of FRP wraps which showed a high variability 

[76–78]. Chen et al. [78] studied the factors affecting the variability in the ultimate condition based 

on an extensive literature survey and found that rupture of FRP may occur near the outer part, 

inner part, or outside of the overlap if FRP rupture controls the failure, and mixed debonding and 

rupture of FRPs may be the cause of the failure which may start at the middle of the column or 

near the ends of the columns. It was also found that seventeen factors may affect the FRP rupture 
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[78] that directly related to the ultimate confined strength and strain. The latter showed that the 

secondary slope of the stress-strain of the FRP-confined concrete may experience errors by 

involving the ultimate condition. However, only a few stress-strain curves are available in the 

literature which consider the secondary slope to the FRP wrap properties and unconfined concrete 

strength instead of the ultimate condition [21,63,64,70]. Fahmy et al. [63] adopted the model 

developed by Lam and Teng [25] and improved the model by relating the secondary slope. 

However, the intercept stress was kept constant as the unconfined concrete. Samman et al. [21] 

used only 30 specimens for calibration of the model. Xiao and Wu [70] incorporate an analysis-

oriented approach and verified their model versus an experimental database. Bai et al. [64] 

proposed a model for large rupture strain FRP-confined concrete.  

Therefore, in the current study, a stress-strain curve was proposed by adopting a four-

parameter Richard and Abbott [69] general expression, which is a single equation, using 200 full 

stress-strain curves from sixteen independent studies included 130 carbon, 22 aramid, 42 glass, 

and 6 basalt FRP-wrapped concrete columns. The curve parameters were determined independent 

of the ultimate condition and the intercept stress was considered as a variable. Also, the accuracy 

of the curves was evaluated using a total of 3272 data points from the experimental curves 

comparing to fifteen other studies. In the end, based on the stress-stain curve and the proposed 

plasticity-based confined strength equation, a prediction of ultimate confined strain was given.  

2. CALIBRATION OF WILLAM-WARNKE MODEL FOR ULTIMATE STRENGTH 

To obtain a relationship for predicting the ultimate strength of concrete columns confined with 

FRP wraps, the five parameter Willam-Warnke plasticity model was used [29]. This plasticity 

model describes the failure surface in principal stress space (σ1, σ2, σ3). The failure surface can be 



Page 6 of 62 

 

expressed in terms of octahedral normal stress (σoct) and octahedral shear stress (τoct) as presented 

in Eq. 1 and 2. 

𝜎𝑜𝑐𝑡 =
1

3
(𝜎1 + 𝜎2 + 𝜎3) (1) 

𝜏𝑜𝑐𝑡 =
1

3
√[(𝜎1 − 𝜎2)2 + (𝜎1 − 𝜎3)2 + (𝜎2 − 𝜎3)2] (2) 

Fig. 1(a) shows the schematic interpretation of the five parameter Willam-Warnke failure 

surface in ξ-r- θ coordinate system; where ξ is the norm of projection of stress state on the 

hydrostatic axis (σ1= σ2= σ3); r is the norm of projection of stress state on a deviatoric plane which 

is a plane perpendicular to the hydrostatic axis (σ1+ σ2+ σ3 = constant); θ is the angle of similarity 

which is the angle between stress state point (σ1, σ2, σ3) and the projection of σ1 axis in its deviatoric 

plane, as presented in Fig. 1(b). The octahedral normal and shear stresses are directly proportional 

to ξ and r, respectively, as shown in Fig. 1(a). The angle of similarity is defined in Eq. 3 where S1 

is the deviatoric principal stress corresponding to σ1, J2 is the second invariant of the deviatoric 

stress tensor, and σ1, σ2, σ3 are the principal stresses [79]. 

𝜃 =
√3

2

𝑆1

√𝐽2
=

2𝜎1 − 𝜎2 − 𝜎3

2√3√
1
6
[(𝜎1 − 𝜎2)2 + (𝜎1 − 𝜎3)2 + (𝜎2 − 𝜎3)2]

  
(3) 

 When two of the principal stresses are the same, the compression meridian (σ3< σ1 = σ2) 

and tensile meridian (σ2 = σ3 < σ1) can be derived. Meridians are the intersection of the failure 

surface and the meridian plane which contains the hydrostatic axis with a constant angle of 

similarity (θ). It should be noted that the sign convention was defined so that tensile stresses are 

positive and compressive stresses are negative. By substituting the mentioned condition in Eq. 3, 

angles of similarity of 60 and 0 degrees are derived for compression meridian and tensile 

meridians, respectively, as shown in Fig. 1(a). In Willam-Warnke five parameter model, the tensile 
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and compression meridians are in parabolic form as shown in Fig. 2 and expressed in Eq. 4 and 5, 

respectively [29]. 

𝜏𝑜̅𝑐𝑡−𝑇 =  𝑎0 + 𝑎1𝜎𝑜𝑐𝑡−𝑇 + 𝑎2𝜎𝑜𝑐𝑡−𝑇
2  (4) 

𝜏𝑜̅𝑐𝑡−𝐶 =  𝑏0 + 𝑏1𝜎̅𝑜𝑐𝑡−𝐶 + 𝑏2𝜎𝑜𝑐𝑡−𝐶
2  (5) 

Eqs.4 and 5 are expressed in terms of octahedral stresses normalized with the unconfined 

concrete strength (f’co) and parameters a0, a1, a2, b0, b1, b2 are constants. The index T appears for 

tensile meridian, the index C appears for compression meridian, 𝜎𝑜𝑐𝑡 is the normalized octahedral 

stress, and 𝜏𝑜̅𝑐𝑡 is the normalized octahedral shear stress which are presented in Eq. 6. 

𝜎𝑜𝑐𝑡 = 
𝜎𝑜𝑐𝑡
𝑓′
𝑐𝑜

   ;   𝜏𝑜̅𝑐𝑡 =  
𝜏𝑜𝑐𝑡
𝑓′
𝑐𝑜

 (6) 

In this study, a database including concrete specimens wrapped with FRP and tested under 

pure compression was used to find the strength model. The database includes 778 tests of confined 

concrete columns collected by Sadeghian and Fam [26] and expanded by Khorramian [30]. The 

summary of the database is presented in Table 1. For all points in the database, the ultimate 

confining pressure (fl) was calculated based on Eq. 7 in which D is the diameter of concrete 

columns, Ef  and tf are the modulus of elasticity and the thickness of FRP wraps, respectively, and 

𝜀ℎ𝑟 is the actual hoop rupture strain of the wraps in the compression test of columns. 

𝑓𝑙 =
2𝐸𝑓𝑡𝑓𝜀ℎ𝑟

𝐷
 (7) 

Fig. 3 shows the state of stress for the compressive tests in which the ultimate confining 

pressure (f’cc) is greater than axisymmetric confining pressure (fl). Therefore, the state of stress for 

tests and their relationship with principal stresses can be explained in Eq. 8.  

𝜎3 = −𝑓
′
𝑐𝑐
  ;   𝜎1 = 𝜎2 = −𝑓𝑙   ;   |𝑓

′
𝑐𝑐
| ≥ |𝑓𝑙|  ;   𝜎3 ≤ 𝜎1 = 𝜎2 (8) 
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 The state of stress for the confined concrete tests is the same as the compressive meridian 

explained earlier, and each experimental test represents a point on the compression meridian in the 

octahedral space. Each set of (f’cc, fl) was transformed into an octahedral set of (𝜎𝑜𝑐𝑡, 𝜏𝑜̅𝑐𝑡) by 

substituting the stress state from Eq.8 into Eq. 1, 2, and 6 which leads to Eq. 9 and 10. 

𝜎𝑜𝑐𝑡 = 
−(𝑓′𝑐𝑐 + 2𝑓𝑙)

3𝑓′
𝑐𝑜

 (9) 

𝜏𝑜̅𝑐𝑡 =  
√2(𝑓′𝑐𝑐 − 𝑓𝑙)

3𝑓′
𝑐𝑜

 (10) 

Fig. 4 shows the database in the normalized octahedral stress space to which a parabolic 

equation was fitted. The root mean squared error (RMSE) for the fitted equation is 0.0993 and the 

coefficient of determination (R2) is not very close to one (i.e. 0.87) which is quite reasonable and 

shows a very good degree of accuracy. By comparing Eq. 5 with the fitted equation in the figure, 

three constants of compression meridian can be found (b0 = 0.1546, b1 = 0.8293, and b2 = -0.0750), 

and the results lead to Eq. 11 that presents the compression meridian of confined concrete. 

𝜏𝑜̅𝑐𝑡−𝐶 = +0.1546 − 0.8293𝜎𝑜𝑐𝑡−𝐶 − 0.0750𝜎𝑜𝑐𝑡−𝐶
2    (11) 

To predict the ultimate confined concrete strength (f’cc) from the ultimate confining 

pressure (fl) and unconfined concrete strength (f’co), Eqs. 9 and 10 were substituted in Eq. 5 that 

led to Eq. 12, and it was simplified and rearranged in the form of Eq. 13. 

√2(𝑓′𝑐𝑐 − 𝑓𝑙)

3𝑓′
𝑐𝑜

= 𝑏0 − 𝑏1
(𝑓′𝑐𝑐 + 2𝑓𝑙)

3𝑓′
𝑐𝑜

+ 𝑏2 (
(𝑓′𝑐𝑐 + 2𝑓𝑙)

3𝑓′
𝑐𝑜

)

2

   (12) 

  

𝑓′𝑐𝑐
𝑓′𝑐𝑜

=
3(𝑏1 + √2)

2𝑏2
+√[

3(𝑏1 + √2)

2𝑏2
]

2

−
9𝑏0
𝑏2

−
9√2

𝑏2

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

   (13) 
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By substituting the constants of the compressive meridian parabola from Eq. 11 into 

Eq.13, the strength ratio of confined concrete can be presented in the form of Eq. 14. 

𝑓′𝑐𝑐
𝑓′𝑐𝑜

= −11.702 + 12.470√1 + 1.092
𝑓
𝑙

𝑓′
𝑐𝑜

− 2
𝑓
𝑙

𝑓′
𝑐𝑜

  (14) 

 It should be noted that for analysis purposes, it is conventional to satisfy the boundary 

condition which shows equal confined and unconfined strength in the absence of the confining 

pressure. Thus, Eq. 15 was adjusted by keeping the format of Eq. 14 and minimizing the RMSE 

error for the experimental database to satisfy the boundary condition which required the same 

confined and unconfined strength in absence of confinement.  

𝑓′𝑐𝑐
𝑓′𝑐𝑜

= −11.702 + 12.702√1 + 0.935
𝑓
𝑙

𝑓′
𝑐𝑜

− 2
𝑓
𝑙

𝑓′
𝑐𝑜

  (15) 

3. PERFORMANCE OF THE NEW ULTIMATE CONFINED STRENGTH MODEL 

In order to evaluate the performance of the new ultimate confined strength model, a group of well-

known plasticity-based and empirical models were selected from the literature and their 

performance was compared with the performance of the new model. The relationship between the 

ultimate confined concrete strength and the confining pressure can be written down in the form of 

Eqs. 16 and 17. 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
=  𝐴 + √𝐴2 − 𝐵 − 𝐶

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′
𝑐𝑜

   →    
𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 𝐴 + 𝜆√1 + 𝛾

𝑓𝑙
𝑓′
𝑐𝑜

− 2
𝑓𝑙
𝑓′
𝑐𝑜

   (16) 

𝐶 = −𝛾𝜆2  ;   𝐵 = 𝐴2 − 𝜆2  (17) 

By setting Eq. 16 equal to Eq. 13 and simplifying, the constants required for deriving the 

compression meridian (Eq. 5) can be found as presented in Eq. 18. 
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𝑏0 =
𝑏2𝐵

9
 ;  𝑏1 =

2𝐴𝑏2
3

− √2; 𝑏2 =
9√2

𝐶
  (18) 

A comparison in the octahedral space was performed using five different formulas derived 

based on the Willam-Warnke failure surface as presented in Table 2. Mander et al. [13] developed 

a model for confined concrete columns confined by steel spirals and hoops using experimental test 

data and the explained procedure. Bing et al. [14] proposed an equation for high-strength concrete 

columns reinforced with transverse steel. Afifi et al. [15] and Hales et al. [16] for columns 

reinforced transversely with FRP spirals and hoops. For FRP wrapped columns, the only formula 

available in the literature which derived the ultimate confined strength based on the Willam-

Warnke failure surface is a study performed by Yan et al. [18] in 2006, which was derived based 

on limited test data (less than 20 data points). For comparing the available equations, the root mean 

square error (RMSE) and average absolute error (AAE) were calculated using Eq. 19 and Eq. 20, 

respectively, where Expi is the ith experimental test data, Calci is the ith calculated value from a 

predicting equation, and N is the total number of data points. 

𝑅𝑀𝑆𝐸 = √
∑(𝐸𝑥𝑝.𝑖− 𝐶𝑎𝑙𝑐.𝑖 )2

𝑁
  (19) 

𝐴𝐴𝐸 =
∑ |
𝐶𝑎𝑙𝑐.𝑖− 𝐸𝑥𝑝.𝑖

𝐸𝑥𝑝.𝑖
|

𝑁
 

(20) 

 Table 2 shows that Eq. 11 gives the best estimation for the database in the octahedral space 

between the equations developed using the Willam-Warnke failure surface. Table 3 shows the 

format of the equations which predict the ultimate confined strength. The results of the comparison 

showed the lowest error for Eq. 14 and Eq. 15 developed in the current study.  

 To compare the proposed formula with empirical (non-plasticity-based) formulas for the 

prediction of ultimate confined strength, different formats of design-oriented equations were 
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presented in Table 4 and their error was calculated for the database. The results showed that the 

formulas developed by Sadeghian and Fam [26] and Lam and Teng [25] presented the lowest error 

to predict the ultimate confined strength whose error is comparable to Eq. 14 and Eq. 15. Fig. 5 

shows the experimental versus model for the models developed in the current study and some of 

the models available in the literature. The results showed that the new models improved the current 

plasticity-based predictions and they are very close to non-plasticity-based models.  

 Fig. 6 presents a comparison of the database and different confinement models by showing 

the normalized confined concrete strength (f’cc/f’co) versus the normalized confining pressure 

(fl/f’co). Fig. 6(a) showed as the normalized confining pressure increases, some of the models 

underpredict the confined concrete strength (i.e. Mander et al. [13] and Sadeghian and Fam [26] 

models), while the developed models are in good alignment with the trend of the database. Also, 

Fig. 6(a) showed that the data points are concentrated up to a range of 0.6 for the formalized 

confining pressure (fl/f’co). Thus, in Fig. 6(b), the selected range of normalized confining pressure 

is presented, and the data points are removed for comparison. The proposed model by Mander et 

al. [13] overpredicts the confining strength while the one proposed by Yan et al. [18] underpredicts 

and then overpredicts the confined concrete strength. Other models showed almost similar 

behavior up to a normalized confining pressure of 1. However, for normalized confining pressures 

between 1 to 2, the proposed equations proposed by Lam and Teng [25] and Teng et al. [24] 

overpredict the confinement effect. 

Eq. 14, which is developed which is the best fit for the failure surface in the octahedral 

space, showed that a minimum confining pressure is required so that the confined and unconfined 

concrete strength become equal which is called the confinement limit. To find the confinement 

limit Eq. 16 and 17 which show the general form of the ultimate confined strength is rewritten in 



Page 12 of 62 

 

the form of Eqs. 21 and 22 to show the equation for the confining pressure given the ultimate 

confined strength. 

 
𝑓𝑙
𝑓𝑐𝑜′

= 𝐿 −𝑀√1 + 𝑁
𝑓′𝑐𝑐
𝑓′
𝑐𝑜

−
1

2

𝑓′𝑐𝑐
𝑓′
𝑐𝑜

  (21) 

𝐿 =
𝐴

2
+
1

8
𝜆2𝛾  ;  𝑀 =  √

1

8
𝜆2𝛾𝐴 +

1

4
[(
1

4
𝜆2𝛾)

2

+ 𝜆2]  ;   𝑁 =  −

1
8 𝜆

2𝛾

𝑀2
 (22) 

By substituting the values from Eq. 14 into Eq. 21 and 22, the confining pressure can be 

presented in the form presented in Eq. 23. 

𝑓𝑙
𝑓′𝑐𝑜

= 15.369 − 15.519√1 − 0.0881
𝑓′𝑐𝑐
𝑓′
𝑐𝑜

−
1

2

𝑓′𝑐𝑐
𝑓′
𝑐𝑜

  (23) 

 The relationship between the normalized confining pressure and normalized confined 

strength found in Eq. 23, can be used to determine the confinement limit, which is considered as 

the minimum confinement required to activate the unconfined concrete. To find the confinement 

limit, the value of normalized confined strength was set to one in Eq. 23 which gave a confinement 

limit of 0.05. It should be noted that ACI 440.2R [44] which adopted the proposed model by Lam 

and Teng [25], proposed a confinement limit of 0.08. for a better presentation of the limit and the 

database, Fig. 7(a) shows a reduced database including 200 data points used for further studies in 

the next section. It should be mentioned that only one data point was below the normalized 

confining limit of 0.05 while four of them were below the 0.08 limit in the reduced database. For 

all data points, 33 and 65 specimens experienced a normalized confining pressure less than 0.05 

and 0.08, respectively. Therefore, the limit of 0.08 is more conservative although 0.05 represents 

the limit more accurately. Fig. 7(b) compares Eq. 14 and Lam and Teng [25] which revealed that 

the Lam and Teng model overpredicts the ultimate confined pressure up to a normalized confining 
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pressure limit of 0.2. The statistics from the database showed that 38% of the tested specimen (i.e. 

302 out of 778) had a normalized confining pressure of less than 0.2. Thus, the overprediction 

leads to unconservative designs per ACI 440.2R [44] for a confining range up to 0.2. An alternative 

path is suggested by this study to cover the mentioned issues, shown as a dashed red line in Fig. 

7(b). The suggestion is to neglect the effect of confinement on the strength up to normalized 

confining pressures below 0.05 (i.e. f’cc/f’co = 1 if fl/f’co <0.05). Also, Eq. 14 can be used for the 

normalized confining pressures greater than 0.08. It should be mentioned that Fig. 6(a) showed 

that for the normalized confining pressures greater than 1, Lam and Teng [25] and in turn ACI 

440.2R [44] are not conservative as many data points have lower confined concrete strength than 

their predicted values. Thus, for the mentioned range, the use of Eq. 14 is suggested in this study. 

4. STRESS-STRAIN MODEL 

This study presents a design-oriented stress-strain curve for FRP-confined concrete columns with 

only the ascending branch. Design-oriented models are popular for design engineers because of 

their simplicity and accuracy at the same time. Many of previous studies related the stress-strain 

curve to the ultimate condition of FRP-confined concrete [24,25,46,48,71,80]. The ultimate 

condition of FRP-confined concrete is composed of the ultimate confined concrete strength (f’cc) 

and ultimate confined concrete strain (εcc). Since many of the studies performed separate statistical 

regression to find the ultimate concrete strain and strength, there is a possibility that the ultimate 

strain and stress do not yield on the stress-strain curve of the confined concrete. Thus, the stress-

strain curves that are built based on the ultimate condition may predict a different secondary slope 

that is related to the confinement. In addition, in the prediction of the confined concrete strength 

and strain, the confining pressure (fl) is involved as defined in Eq. 24 per ACI 440-2R [44]. 



Page 14 of 62 

 

𝑓𝑙 =
2𝐸𝑓𝑡𝑓𝜀𝑓𝑒  

𝐷
; 𝜀𝑓𝑒 = 𝑘𝑒𝜀𝑓𝑢  (24) 

where Ef and tf are the modulus of elasticity and the thickness of the FRP wrap, respectively, D is 

the diameter of the concrete member, εfe is the effective rupture strain, εfu is the ultimate tensile 

strain of FRP found from the coupon tests, and ke is the strain efficiency factor. The strain 

efficiency factor is considered as 0.55 per ACI 440.2R [44], and as a constant in most of the studies. 

However, multiple studies are proposing a variable strain efficiency factor [76–78,81–83]. In the 

current study, the strain efficiency factor was found as 0.7 which is the average of 788 data points. 

The performance of the strain efficiency factor of 0.7 has also been verified by Sadeghian and 

Fillmore [84]. The point of using effective rupture stain and its variability inserts lots of 

uncertainties in the prediction of the confining pressure at the ultimate condition and in turn the 

prediction of the ultimate condition. Therefore, the use of the confining pressure in the stress-strain 

curves through the ultimate condition is one of the sources of inaccuracy. The elimination of the 

rupture strain from the predicting equations for the stress-strain relationships leads to the 

confinement modulus (EL) which only relates to the properties of the FRP wrap and the column 

diameter as shown in Eq. 25. 

𝐸𝐿 =
2𝐸𝑓𝑡𝑓

𝐷
 ;   𝑓𝑙 = 𝐸𝐿  𝜀𝑓𝑒   (25) 

To find the stress-strain curve for the FRP-confined concrete columns, a four-parameter 

Richard and Abbott model [69] was adopted. The model is presented in the format of a power 

equation which consists of an initial ascending portion followed by a secondary linear portion up 

to the ultimate condition, as presented in Fig. 8. The four parameters of the curve are the initial 

modulus of elasticity (E1), the secondary modulus of elasticity (E2), a polynomial constant (n) 

which to fit a smooth transition between the two portions, and fo which is the intercept stress 
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defined as the intersection of the secondary portion and the vertical stress axis. Eq. 26 presents the 

curve equation which relates the stress (fc) to the strain (εc) for the confined concrete. 

𝑓𝑐 =
(𝐸1 − 𝐸2)𝜀𝑐

[1 + (
(𝐸1 − 𝐸2)𝜀𝑐

𝑓𝑜
)
𝑛

]
1 𝑛⁄

+ 𝐸2𝜀𝑐 
(26) 

The model was first adjusted by Samaan et al. [21] to predict the stress-strain curve of 

concrete-filled FRP tubes (CFFTs) and later it was validated for CFRP-wrapped concrete 

specimens [85]. Since the FRP wraps are mainly activated at a level of lateral expansion in the 

vicinity of the unconfined concrete strength, the initial slope (E1) was adopted from ACI 318 [86] 

equation and the rest of the parameters were calibrated based on 30 tests of confined concrete 

presented in the study performed by Samaan et al. [21]. The secondary modulus was considered 

as a function of the stiffness of the confining tubes in the hoop direction, and the unconfined 

strength of the concrete. Also, the intercept stress was considered as a function of unconfined 

concrete strength and the confining pressure, and the polynomial constant was chosen as 1.5. Later, 

Xiao and Wu [70] improved the estimation of the parameters based on an updated database and a 

new approach. The secondary slope was found when the stress of confined concrete reaches the 

yield surface which involves the axial and confining pressure relationship and the initial slope of 

axial-lateral strain curves. The intercept stress was derived as the coefficient of reference plastic 

strength using regression analysis, and the constant n was selected as 2. In another study, Wu et 

al. [71] proposed a modification to the proposed parameters by Samaan et al. [21]for high strength 

concrete columns confined by Aramid FRP (AFRP) and set the constant n equal to 2.5. It should 

be mentioned that for the secondary slope, instead of the confining stiffness, the ultimate condition 

for AFRPs was used. Djafar-Henni and Kassoul [73] used a database of 81 AFRP-confined 

concrete columns and proposed a new estimation of the parameters presented in Eq. 26 for AFRP 
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confined concrete with a constant n equal to 2.25. Lobo et al. [64] developed a model for AFRPs 

using 29 specimens, proposed new equations for the curve parameters, and found the constant n 

as √2. Also, Jesus et al. [13] proposed a model for GFRPs using 60 specimens. It should be 

mentioned that for the last four introduced studies, the secondary slope was a function of the 

ultimate condition. Later, Bai et al. [14] found the curve parameters for large rupture strain FRP-

confined concrete using a database of 62 specimens. 

In the current study, a reduced database including 200 full stress-strain curves from sixteen 

independent studies was extracted from the literature as presented in Table 5. The selected curves 

included 130 carbon, 22 aramid, 42 glass, and 6 basalt FRP-wrapped concrete columns. This is the 

broadest database of full stress-strain curves (not the ultimate condition) that have been collected 

for the calibration of the four parameters of the Richard and Abbott model [69]. To calibrate the 

parameters, a parabola was fitted to the first portions of the curves and the initial slope of the 

parabola was considered as the initial modulus of elasticity (E1). Also, a straight line was fitted to 

all secondary portions of the curve and the slope of the curves was found as the slope of the fitted 

line (E2) and the intercept stress was evaluated as the line intercepts the stress axis (fo). For each 

curve, the values of the initial slope, secondary slope, the intercept stress, and the confining 

stiffness are presented in Table 5. Also, the ratio of the secondary slope to the initial slope (E2/E1) 

and the ratio of the intercept stress to the unconfined concrete strength (fo/fco) were presented in 

Table 5. To show the range of the data used in the database, the mean, standard deviation (STD), 

and the coefficient of variation (COV) of each column are presented at the end of Table 5.  

To drive equations for the parameters of the stress-strain curve, a regression analysis was 

performed by considering the confining stiffness (EL) and unconfined concrete strength (f’co) as 

the effective parameters. For the initial slope for the first region, the regression showed the best-
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fitted equation as 𝐸1 = 4691√𝑓′𝑐𝑜  with (𝑅2 = 0.4818) which is quite close to the prediction of 

unconfined concrete modulus proposed by ACI 318 [86]. Thus, Eq.27 from ACI 318 [86] was 

adopted instead of the one found from the regression. Eq. 27 through Eq. 29 show the results of 

the regression analysis, in which all the units are in MPa.  

𝐸1 = 4700√𝑓′𝑐𝑜                         (𝑅
2 = 0.4817) (27) 

𝐸2 = 9.6√𝐸𝑙   √𝑓′𝑐𝑜                   (𝑅
2 = 0.8251) (28) 

𝑓𝑜 = (1 + 0.15
√𝐸𝑙
𝑓′𝑐𝑜

)𝑓′𝑐𝑜          (𝑅
2 = 0.9083) (29) 

 Eq. 28 predicts the slope of the secondary portion of the stress-strain curves. The equation 

showed that an increase in confining stiffness and unconfined concrete strength directly increase 

the secondary modulus of the curve. However, the comparison between the initial slope and the 

secondary slope shows that the constant coefficient for Eq. 28 is much lower than the one for Eq. 

27. The latter is compatible with the results of experimental stress-strain curves presented in Table 

5, as the average ratio of secondary to the initial slope of the curve is 7.36 %. The coefficient of 

determination (R2) for Eq. 28 is 0.8251 which shows a very good agreement between the 

experimental results and the prediction as presented in Fig. 9(a).  

Eq. 29 predicts the intercept stress as the sum of unconfined concrete strength and a 

percentage of confining stiffness which is compatible with the results of experimental tests as 

presented in Table 5. The average ratio of intercept stress to unconfined concrete strength is 1.10 

showed in Table 5, which shows an average upward shift of 10% in the intercept stress with respect 

to the unconfined concrete strength. The additional shift is attributed to the confining stiffness in 

Eq. 29 which showed a very good agreement with the test results (R2 = 0.9083), as presented in 

Fig. 9(b). Also, the coefficient of variation of the data is 13% which shows the variability of the 



Page 18 of 62 

 

intercept stress, while it was considered as a constant in many of the models. Thus, it is 

recommended to consider the intercept stress as a variable parameter instead of a constant.  

To find the polynomial constant n, all points in 200 curves, which sums to a total of 3272 

points (without the origin points), were evaluated by Eq. 26 with parameters introduced in Eq. 27 

to Eq. 29, and the polynomial constant n was found to minimize the RMSE error of all points. The 

results of the analysis showed that a polynomial constant of 2.5 minimizes the error (n = 2.5). By 

substituting curve parameters (Eq. 27 to Eq. 29 and a polynomial constant of 2.5) into Eq. 26, the 

stress-strain of the FRP-confined concrete can be shown as the following single equation.  

𝑓𝑐 = 9.6√
2𝐸𝑓𝑡𝑓𝑓′𝑐𝑜

𝐷

{
  
 

  
 

1 + (489.6√
𝐷

2𝐸𝑓𝑡𝑓
− 1)

[
 
 
 
 
 

1 +

(

 
 
 4700 − 9.6√

2𝐸𝑓𝑡𝑓
𝐷

√𝑓′𝑐𝑜 + 0.15√
2𝐸𝑓𝑡𝑓
𝐷𝑓′𝑐𝑜

𝜀𝑐

)

 
 
 

2.5

]
 
 
 
 
 
−1 2.5⁄

}
  
 

  
 

𝜀𝑐 (30) 

 To evaluate the performance of the proposed model, fourteen design-oriented stress-strain 

curves for FRP-confined concrete columns were compared with the experimental curves, as 

presented in Table 6. In addition to RMSE and AAE (Eqs.19 and 20), two more measures of error 

were considered (Eqs.31 and 32) for mean square error (MSE) and standard deviation (SD). 

𝑀𝑆𝐸 =
∑(
𝐶𝑎𝑙𝑐.𝑖− 𝐸𝑥𝑝.𝑖

𝐸𝑥𝑝.𝑖
)
2

𝑁
 

(31) 

𝑆𝐷 =
√∑(

𝐶𝑎𝑙𝑐.𝑖
𝐸𝑥𝑝.𝑖

−
𝐶𝑎𝑙𝑐.𝑎𝑣𝑒
𝐸𝑥𝑝.𝑎𝑣𝑒

)
2

𝑁 − 1
  

(32) 

 Table 6 shows that the proposed stress-strain curve improved the available design-oriented 

confined stress-strain curves. The distribution of the error measures for the current study and the 

curve proposed by Lam and Teng [25], which is the base for the ACI 440.2R [44], is presented in 
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Fig. 10. The comparison of the error distribution showed that the model improved the error of 

every curve considerably, in addition to the overall error presented in Table 6.  

Some samples of the fitted curves are presented in Fig. 11 which compares the experimental 

curves from different studies with the five of the best estimations of the stress-strain curves 

according to Table 6. The results showed the proposed stress-strain curves are in very good 

agreement with the experimental test results. It should be mentioned that in the formulas showed 

in Fig. 11, rather than the proposed equation in this study, the intercept stress was considered 

constant. Also, for equations proposed by Lam and Teng [25] and Teng et al. [24], the secondary 

is related to the ultimate condition. The results showed that for some cases, using these equations 

for the prediction leads to a very good fit [as shown in Fig. 11(f), (h), (i), (j), and (k)]. However, 

for some cases, the slope would not be matched with the experimental results [as shown in Fig. 

11(b), (c), (e), and (g)], and for some cases, although the slope is matched, the constant stress 

intercept leads to lowering down the curves [as shown in Fig. 11(a), (d), and (l)]. For the proposed 

model in this study, the intercept stress is a variable that shifts the secondary part up and down, 

and the ultimate condition is only a point on the curve that cuts the curve and does not affect the 

secondary slope. Also, the curve predictions by Fahmy and Wu [63] showed better predictions in 

comparison to proposed curves by Lam and Teng [25] and Teng et al. [24], since the secondary 

slope was selected independent of the ultimate condition although the main equation format kept 

the same as Lam and Teng [25]. Thus, it can be concluded that excluding the ultimate condition 

from the adjustment of stress-strain curves of confined concrete lead to more accurate predictions. 

Then, the ultimate condition can be used as a cut-off point for the stress-strain curves instead of 

involving in predicting the curve parameters. It should be mentioned that a safety strain limit of 

0.01 mm/mm is considered by ACI 440.2R [44] which is the cutting point of the stress-strain 
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curves for most situations. In the main database including 788 tests, the minimum axial strain at 

the time of FRP rupture was 0.019 mm/mm. The latter shows that the ultimate condition does not 

enter the analysis which leads to the designs, as a cutting point of 0.01 mm/mm occur prior to the 

ultimate confined strain for the majority of cases and govern the designs, although the ultimate 

confined strain is very effective for analysis purposes which tends to assess the most accurate 

behavior of the structures without design limitations. 

5. COMPARISON OF THE ULTIMATE STRAIN EQUATIONS 

In this study, the ultimate confined strain is defined as the axial strain corresponding to the ultimate 

confined concrete strength on the stress-strain curve as presented in Eq. 35. 

𝜀𝑐𝑐 =
𝑓′𝑐𝑐 − 𝑓𝑜
𝐸2

  (33) 

 Since Eq. 33 is not directly found from the regression analysis on the ultimate strains 

available in the database, the ultimate strain and stress kept their correlation. It should be 

highlighted that the rupture strain affects directly the prediction of ultimate stress and strain 

through the confining pressure. This study suggests the use of a strain efficiency of 0.7 which is 

the average ratio of the rupture strain of FRP wrap in the hoop direction to the ultimate tensile 

strength of FRP coupons available in the database.  

 To examine the fineness of the proposed ultimate strain equation, the predictions from four 

selected studies were compared [24,87–89]. In 2009, Teng et al. [24] refined the design-oriented 

stress-strain model for FRP-confined concrete proposed by Lam and Teng [25] based on 

experimental tests and an accurate analysis-oriented stress-strain model and regression. Table 7 

presents the proposed estimation for the ultimate confined strain defined by Teng et al. [24]. 
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In 2013, Pham and Hadi [87] estimated the ultimate for CFRP-confined concrete columns 

using an energy approach. The concept was introduced by Mander et al. [13] which stated that the 

additional energy absorption in the concrete core is the same as the total work done by the FRP 

wrap. However, it was realized by Pham and Hadi [87] that the volumetric strain energy of FRP 

was proportional to the volumetric strain energy of the confined concrete by a factor k. The 

ultimate confined strain and the proportional factor k were found for a database including 98 

circular columns and 69 square specimens via regression analysis, as presented in Table 7.  

 In 2015, Lim and Ozbakkaloglu [88] proposed a model that predicts the dilation 

characteristic of the FRP-confined concrete for passively and actively confined concrete based on 

regression analysis on a large database. It should be noted that the strain efficiency factor (ke) was 

found as a function of the unconfined concrete strength and the modulus of elasticity of the FRP 

wrap in the hoop direction. Table 7 presented the ultimate confined strain from the axial-lateral 

relationship evaluated at the rupture strain, provided by Lim and Ozbakkaloglu [88]. 

 In 2017, Wu and Cao [89] improved the strain model using the energy balance method and 

regression analysis. Inside the model, a strain efficiency factor of 0.9 (ke = 0.9) was used. While 

Hadi and Pham [87] defined a constant value for the proportional factor k (introduced earlier), Wu 

and Cao [88] proposed a parametric equation for this factor as presented in Table 7. 

Using Eqs.30 and 33, the ultimate confined strain for all the data points was evaluated as the 

proposed prediction, as presented in Table 7. Also, Table 7 shows the fineness of the model by 

comparing the prediction versus experimental values for the models adjusted in the current study 

and some of the models available in the literature by RMSE and AAE error measures. The model 

was evaluated using the actual hoop rupture strain to compare to the models developed by Teng et 

al. [24] and Pham and Hadi [87]. However, the model was evaluated using a strain efficiency factor 
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of 0.7 to be compared with the models developed by Lim and Ozbakkaloglu [88] and Wu and Cao 

[89] as they developed their models based on different strain efficiency factors. The results showed 

that the proposed model is rational and improved the compared models for ultimate confined strain 

by comparing RMSE error for the database. It should be mentioned that the model proposed by 

Lim and Ozbakkaloglu [88] showed a better AAE error, which proposed a variable strain 

efficiency factor, in comparison with the model adjusted in this study, in which a constant strain 

efficiency factor of 0.7 was used. Overall, the prediction of the ultimate confined strain using the 

proposed model showed a very good agreement with the experimental results. 

6. CONCLUSION 

In this paper, a five-parameter Willam-Warnke failure criterion was used to develop an equation 

for ultimate confined strength using 788 datapoints. The model improved the available plasticity-

based models and showed a very good agreement with the experimental tests. In addition, a design-

oriented model for the stress-strain curve of FRP-wrapped concrete columns was calibrated using 

200 full stress-strain curves from sixteen different sets of experimental tests which extracted an 

overall 3272 different points from the literature by adopting a general expression of Richard and 

Abbott. The initial slope, secondary slope, and intercept stress for all the curves were found and 

reported in the paper. The stress-strain curve and ultimate strength were utilized to obtain the 

ultimate strain condition without direct regression analysis of the database. The following 

conclusions can be drawn: 

• The proposed stress-strain curve (Eq. 30) is related only to the unconfined concrete 

strength, modulus of elasticity and thickness of FRP wrap, and the diameter of the column.  

• Excluding the ultimate condition from the adjustment of stress-strain curves of confined 

concrete leads to more accurate predictions, as it eliminates the effect of rupture strain 
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which imposes a large variability in the predictions. The ultimate condition was 

recognized only as the cut-off point for the stress-strain curve. Also, the intercept stress 

was considered as a variable improving the slope and location of the secondary portion of 

the curve.  

• The proposed stress-strain curve was in very good agreement with the experimental test 

results and the prediction improved the available predictions in the literature by showing 

the least error in comparison to fourteen different studies.  

• The study of 200 stress-strain curves of FRP-confined columns revealed an average and 

standard deviation of 1.10 and 13 % for the ratio of the intercept stress to the unconfined 

concrete strength, respectively. The latter shows the variability of the intercept stress while 

it was considered as a constant value in many of the available models. Therefore, 

considering the intercept stress as a variable is suggested instead of a constant value.   

• The ultimate confined strain was derived using the stress-strain curve and the ultimate 

confined strength which kept the correlation of the ultimate confined strength, ultimate 

confined strain, and the confining pressure by making them interrelated. A comparison of 

the ultimate confined strain prediction showed that the predicted values are in very good 

agreement with the experimental tests. 

• A comparison of the developed model for the ultimate strength in this study and the model 

proposed by ACI 440.2R showed that the model is not conservative for normalized 

confining pressure to unconfined concrete strength ratio of less than 0.2 or more than 1. 

However, more data are required to assess the need to be more conservative for confining 

pressures of more than 1.  Also, a new normalized confining pressure of 0.05 was 

introduced as the confining limit after which the FRP-confined concrete can be activated. 
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• The findings of this study are applicable in the range of examined databases, as presented 

in Table 1. Also, the study does not cover stress-strain curves with a secondary descending 

branch due to lack of confinement.  
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Table. 1. Summary of the experimental database for FRP-wrapped concrete specimens. 

Material No. Parameter Unit Mean STD 
COV 

(%) 
Min. Max. 

Concrete 
1 Dc mm 154.00 47.13 31 51.00 406.00 

2 f'co MPa 52.1 29.4 57 16.6 188.2 

FRP Wrap 

3 tf mm 0.83 0.91 111 0.09 7.26 

4 Ef GPa 178.53 117.66 66 10.50 662.50 

5 ff MPa 2710.1 1337.8 49 220.0 4441.0 

6 εf mm/mm 0.01785 0.00698 39 0.00255 0.04690 

Note: STD = standard deviation; COV = coefficient of variation; Min. = minimum; Max. = maximum; Dc = 

diameter of concrete specimen; f'co = unconfined concrete strength; tf = thickness of FRP wrap; Ef = modulus of 

elasticity of FRP wrap; and ff = tensile strength of FRP wrap. 
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Table 2. Comparison of some of the plasticity-based formulas in octahedral space. 

Model Year Compressive meridian equation RMSE AAE 

Current study (Eq. 11) 2020 𝜏𝑜̅𝑐𝑡 = 0.1546 − 0.8293𝜎𝑜𝑐𝑡 − 0.0750𝜎𝑜𝑐𝑡
2  0.0993 0.0785 

Yan et al. [18] * 2006 𝜏𝑜̅𝑐𝑡 = 0.0546 − 1.0218𝜎𝑜𝑐𝑡 − 0.1362𝜎𝑜𝑐𝑡
2  0.1402 0.0991 

Mander et al. [13] 1988 𝜏𝑜̅𝑐𝑡 = 0.1230 − 1.1505𝜎𝑜𝑐𝑡 − 0.3155𝜎𝑜𝑐𝑡
2  0.1949 0.1301 

Hales et al. [16] * 2017 𝜏𝑜̅𝑐𝑡 = 0.2684 − 0.7129𝜎𝑜𝑐𝑡 − 0.3119𝜎𝑜𝑐𝑡
2  0.3956 0.2029 

Bing et al. [14] 2001 𝜏𝑜̅𝑐𝑡 = 0.113 − 1.26𝜎𝑜𝑐𝑡 − 0.559𝜎𝑜𝑐𝑡
2  0.4363 0.1587 

Afifi et al. [15] 2015 𝜏𝑜̅𝑐𝑡 = −0.1229 − 2.541𝜎𝑜𝑐𝑡 − 1.98𝜎𝑜𝑐𝑡
2  1.6977 0.5024 

Note: * the presented coefficients are derived based on Eq.16 to 18. 
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Table 3. Comparison of plasticity-based models. 

Model Year Formula RMSE AAE 

Current study 

(Eq. 15) 
2020 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −11.702 + 12.702√1 + 0.935

𝑓𝑙
𝑓′
𝑐𝑜

− 2
𝑓𝑙
𝑓′
𝑐𝑜

 0.3647 0.1335 

Current study 

(Eq. 14) 
2020 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −11.702 + 12.470√1 + 1.092

𝑓𝑙
𝑓′
𝑐𝑜

− 2
𝑓𝑙
𝑓′
𝑐𝑜

 0.3791 0.1324 

Yan et al. 

[18] 
2006 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −4.322 + 4.721√1 + 4.193

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

 0.4269 0.1662 

Mander et al. 

[13] 
1988 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −1.254 + 2.254√1 + 7.940

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

 0.4710 0.1971 

Wu and Zhou* 

[17] 
2010 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= √1 + (

16.7

𝑓′𝑐𝑜
0.42

−
𝑓′𝑐𝑜
0.42

16.7
)
𝑓𝑙
𝑓′𝑐𝑜

+
𝑓𝑙
𝑓′𝑐𝑜

 0.5077 0.1585 

Bing et al. 

[14] 
2001 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −0.413 + 1.413√1 + 11.4

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

 0.5848 0.1576 

Hales et al. 

[16] 
2017 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= −3.373 + 4.373√1 + 2.134

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

 0.6943 0.1881 

Afifi et al. 

[15] 
2015 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 0.850 + √0.17 + 6.43

𝑓𝑙
𝑓′𝑐𝑜

− 2
𝑓𝑙
𝑓′𝑐𝑜

 0.9057 0.2255 
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Table 4. Comparison of non-plasticity-based models. 

Model Year Formula RMSE AAE 

Sadeghian and 

Fam [26] 
2015 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + (2.77𝜌𝐾

0.77 − 0.07)𝜌𝜀
0.91 0.3603 0.1246 

Lam and Teng 

[25] 
2003 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + 3.3

𝑓𝑙
𝑓′𝑐𝑜

 0.3882 0.1244 

Teng et al. 

[24] 
2009 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + 3.5(𝜌𝐾 − 0.01)𝜌𝜀 0.4203 0.1264 

Toutanji 

[65] 
1999 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + 3.5 (

𝑓𝑙
𝑓′𝑐𝑜

)
0.85

 0.4339 0.1799 

Fallah Pour et al. 

[92] 
2018 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + (2.5 − 0.01𝑓′𝑐𝑜)

𝑓𝑙
𝑓′𝑐𝑜

 0.5528 0.1854 

Rousakis et al. 

[91] 
2012 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + (𝜌𝑓𝐸𝑓/𝑓𝑐𝑜

′ )(𝛼𝐸𝑓10
−6/𝐸𝜇𝑓 + 𝛽) 0.6601 0.1770 

Mirmiran and 

Shahawy [23] 
1997 

𝑓𝑐𝑐
′

𝑓𝑐𝑜
′
= 1 + 4.269

𝑓𝑙
0.587

𝑓′𝑐𝑜
 0.8106 0.2437 

Note: 𝝆𝑲 = 
𝟐𝑬𝒇𝒕

(𝒇𝒄𝒐
′ 𝜺𝒄𝒐⁄ )𝑫

;  𝝆𝜺 =
𝜺𝒉𝒓

𝜺𝒄𝒐
 ;  𝝆𝒇 = 

𝟒𝒕

𝑫
;  𝜺𝒄𝒐 = 𝟗. 𝟑𝟕 × 𝟏𝟎

−𝟒√𝒇𝒄𝒐
′𝟒  ;  t = thickness of FRP wrap; Ef 

= modulus of elasticity of FRP wrap; εhr = hoop rupture strain of FRP wrap; D = dimeter of concrete 

column; and εco = strain of unconfined concrete corresponding to f’co; α = -0.336 and β = 0.0223 for 

FRP wraps; Efμ = 10 MPa which is given for units’ compliance. 
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Table 5. Database of parameters compiled out of 200 experimental full stress-strain curves 

from the literature. 

No. Source of 

data 

Year FRP D  
(mm) 

tf  
(mm) 

Ef  

(GPa) 
f'co  

(MPa) 
f'cc  

(MPa) 
f'cc 

/ 

f'co 

EL
*  

(GPa) 
E1

*  
(GPa) 

E2
*  

(GPa) 
fo

*
  

(MPa) 
fo / 

f'co 

E2 / E1 

(%) 

1 Xiao and Wu 
[53] 

2000 CFRP 152 0.38 105 33.7 47.9 1.42 0.53 27.04 1.27 32.6 0.97 4.70 

2 Xiao and Wu 

[53] 

2000 CFRP 152 0.38 105 33.7 49.7 1.47 0.53 27.44 1.31 33.6 1.00 4.77 

3 Xiao and Wu 

[53] 

2000 CFRP 152 0.38 105 33.7 49.4 1.47 0.53 26.93 1.21 33.7 1.00 4.49 

4 Xiao and Wu 

[53] 

2000 CFRP 152 0.76 105 33.7 64.6 1.92 1.05 23.13 1.76 35.5 1.05 7.61 

5 Xiao and Wu 
[53] 

2000 CFRP 152 0.76 105 33.7 75.2 2.23 1.05 19.82 1.59 39.1 1.16 8.02 

6 Xiao and Wu 

[53] 

2000 CFRP 152 0.76 105 33.7 71.8 2.13 1.05 22.08 1.57 38.2 1.13 7.11 

7 Xiao and Wu 

[53] 

2000 CFRP 152 1.14 105 33.7 82.9 2.46 1.58 19.56 1.74 40.1 1.19 8.90 

8 Xiao and Wu 
[53] 

2000 CFRP 152 1.14 105 33.7 95.4 2.83 1.58 21.14 1.77 41.8 1.24 8.37 

9 Xiao and Wu 

[53] 

2000 CFRP 152 0.76 105 43.8 84.0 1.92 1.05 28.72 2.23 49.7 1.13 7.76 

10 Xiao and Wu 

[53] 

2000 CFRP 152 0.76 105 43.8 79.2 1.81 1.05 28.50 2.14 49.8 1.14 7.51 

11 Xiao and Wu 
[53] 

2000 CFRP 152 0.76 105 43.8 85.0 1.94 1.05 26.16 2.03 52.5 1.20 7.76 

12 Xiao and Wu 

[53] 

2000 CFRP 152 1.14 105 43.8 96.5 2.20 1.58 22.75 2.55 52.9 1.21 11.21 

13 Xiao and Wu 

[53] 

2000 CFRP 152 1.14 105 43.8 92.6 2.11 1.58 24.88 2.47 51.8 1.18 9.93 

14 Xiao and Wu 
[53] 

2000 CFRP 152 1.14 105 43.8 94.0 2.15 1.58 24.85 2.51 52.0 1.19 10.10 

15 Xiao and Wu 

[53] 

2000 CFRP 152 1.14 105 55.2 106.5 1.93 1.58 33.55 3.28 64.0 1.16 9.78 

16 Xiao and Wu 

[53] 

2000 CFRP 152 1.14 105 55.2 108.0 1.96 1.58 28.76 3.00 66.9 1.21 10.43 

17 Xiao and Wu 
[53] 

2000 CFRP 152 1.14 105 55.2 103.3 1.87 1.58 31.28 4.09 57.5 1.04 13.08 

18 Lam and 

Teng [93] 

2004 CFRP 152 0.17 258.8 35.9 50.4 1.40 0.56 30.47 1.36 33.9 0.94 4.46 

19 Lam and 

Teng [93] 

2004 CFRP 152 0.17 258.8 35.9 47.2 1.31 0.56 26.51 1.20 34.1 0.95 4.53 

20 Lam and 
Teng [93] 

2004 CFRP 152 0.17 258.8 35.9 53.2 1.48 0.56 24.92 1.46 34.6 0.96 5.86 

21 Lam and 

Teng [93] 

2004 CFRP 152 0.33 258.8 35.9 68.7 1.91 1.12 27.50 1.91 37.2 1.04 6.95 

22 Lam and 

Teng [93] 

2004 CFRP 152 0.33 258.8 35.9 69.9 1.95 1.12 24.58 1.66 37.8 1.05 6.75 

23 Lam and 
Teng [93] 

2004 CFRP 152 0.33 258.8 35.9 71.6 1.99 1.12 21.91 2.00 37.2 1.04 9.13 

24 Lam and 

Teng [93] 

2004 CFRP 152 0.50 258.8 34.3 82.6 2.41 1.69 22.55 2.34 35.6 1.04 10.38 

25 Lam and 

Teng [93] 

2004 CFRP 152 0.50 258.8 34.3 90.4 2.64 1.69 21.57 2.18 36.6 1.07 10.11 

26 Lam and 
Teng [93] 

2004 CFRP 152 0.50 258.8 34.3 97.3 2.84 1.69 25.73 2.41 36.4 1.06 9.37 

27 Lam and 

Teng [93] 

2004 GFRP 152 1.27 22.46 38.5 51.9 1.35 0.38 31.73 1.08 38.1 0.99 3.40 

28 Lam and 

Teng [93] 

2004 GFRP 152 1.27 22.46 38.5 58.3 1.51 0.38 25.92 1.01 43.7 1.14 3.90 

29 Lam and 
Teng [93] 

2004 GFRP 152 2.54 22.46 38.5 75.7 1.97 0.75 18.28 1.38 42.9 1.11 7.55 

30 Lam and 
Teng [93] 

2004 GFRP 152 2.54 22.46 38.5 77.3 2.01 0.75 24.27 1.53 44.2 1.15 6.30 
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31 Rousakis and 
Tepfers [94] 

2004 CFRP 150 0.17 377 25.2 41.6 1.65 0.85 10.93 1.39 22.3 0.88 12.72 

32 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.17 377 25.2 38.8 1.54 0.85 13.43 1.72 20.0 0.79 12.81 

33 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.34 377 25.2 55.9 2.22 1.71 11.06 1.65 21.8 0.87 14.92 

34 Rousakis and 
Tepfers [94] 

2004 CFRP 150 0.51 377 25.2 67.0 2.66 2.56 10.95 1.78 24.0 0.95 16.26 

35 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.51 377 25.2 67.3 2.67 2.56 9.64 1.94 21.2 0.84 20.12 

36 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.17 377 51.8 78.7 1.52 0.85 26.99 3.43 53.3 1.03 12.71 

37 Rousakis and 
Tepfers [94] 

2004 CFRP 150 0.17 377 51.8 72.8 1.41 0.85 27.46 3.85 48.5 0.94 14.02 

38 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.34 377 51.8 95.4 1.84 1.71 26.25 4.57 47.9 0.92 17.41 

39 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.34 377 51.8 90.7 1.75 1.71 25.36 3.36 57.4 1.11 13.25 

40 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.51 377 51.8 110.5 2.13 2.56 25.85 4.29 55.8 1.08 16.60 

41 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.51 377 51.8 103.6 2.00 2.56 23.00 3.94 57.0 1.10 17.13 

42 Rousakis and 

Tepfers [94] 

2004 CFRP 150 0.85 377 51.8 126.7 2.45 4.27 28.35 4.51 59.6 1.15 15.91 

43 Berthet et al. 
[95] 

2005 CFRP 160 0.17 230 25.0 42.8 1.71 0.47 25.79 1.21 26.3 1.05 4.69 

44 Berthet et al. 
[95] 

2005 CFRP 160 0.33 230 25.0 55.2 2.21 0.95 19.87 1.48 32.2 1.29 7.45 

45 Berthet et al. 

[95] 

2005 CFRP 160 0.11 230 40.1 50.8 1.27 0.32 33.48 1.03 43.9 1.09 3.08 

46 Berthet et al. 

[95] 

2005 CFRP 160 0.17 230 40.1 53.7 1.34 0.47 36.83 1.40 45.3 1.13 3.80 

47 Berthet et al. 
[95] 

2005 CFRP 160 0.22 230 40.1 59.7 1.49 0.63 31.97 1.72 47.6 1.19 5.38 

48 Berthet et al. 

[95] 

2005 CFRP 160 0.44 230 40.1 91.6 2.28 1.27 31.70 2.73 53.9 1.34 8.61 

49 Berthet et al. 

[95] 

2005 CFRP 160 0.99 230 40.1 142.4 3.55 2.85 25.31 3.16 65.7 1.64 12.49 

50 Berthet et al. 
[95] 

2005 CFRP 160 1.32 230 40.1 166.3 4.15 3.80 31.24 3.81 66.0 1.65 12.20 

51 Berthet et al. 

[95] 

2005 CFRP 160 0.33 230 52.0 82.8 1.59 0.95 54.70 2.53 65.7 1.26 4.63 

52 Berthet et al. 

[95] 

2005 CFRP 160 0.66 230 52.0 108.1 2.08 1.90 48.61 3.31 72.0 1.38 6.81 

53 Berthet et al. 
[95] 

2005 CFRP 70 0.33 230 112.6 141.1 1.25 2.17 58.50 4.09 120.8 1.07 6.99 

54 Berthet et al. 

[95] 

2005 CFRP 70 0.82 230 112.6 189.5 1.68 5.39 66.25 5.55 142.5 1.27 8.38 

55 Berthet et al. 

[95] 

2005 CFRP 70 0.99 230 169.7 296.4 1.75 6.51 60.05 13.56 158.3 0.93 22.58 

56 Berthet et al. 
[95] 

2005 GFRP 160 0.33 74 25.0 42.8 1.71 0.31 25.42 0.92 27.6 1.10 3.62 

57 Lam et al. 

[96] 

2006 CFRP 152 0.17 250 41.1 57.0 1.39 0.54 26.68 1.51 39.0 0.95 5.66 

58 Lam et al. 

[96] 

2006 CFRP 152 0.17 250 41.1 55.4 1.35 0.54 30.83 1.54 38.5 0.94 5.00 

59 Lam et al. 
[96] 

2006 CFRP 152 0.33 250 38.9 79.1 2.03 1.09 28.87 2.00 38.6 0.99 6.93 

60 Almusallam 

[97] 

2007 GFRP 150 3.90 27 47.7 100.1 2.10 1.40 24.61 1.90 48.8 1.02 7.72 

61 Almusallam 

[97] 

2007 GFRP 150 3.90 27 50.8 90.8 1.79 1.40 28.90 2.00 51.7 1.02 6.92 

62 Almusallam 
[97] 

2007 GFRP 150 3.90 27 60.0 99.6 1.66 1.40 31.36 2.42 61.4 1.02 7.72 

63 Almusallam 

[97] 

2007 GFRP 150 3.90 27 90.3 110.0 1.22 1.40 48.56 1.81 94.4 1.05 3.73 

64 Jiang and 

Teng [37] 

2007 GFRP 152 0.17 80.1 33.1 42.4 1.28 0.18 18.62 0.46 36.7 1.11 2.47 
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65 Jiang and 
Teng [37] 

2007 GFRP 152 0.17 80.1 33.1 41.6 1.26 0.18 21.44 0.54 35.1 1.06 2.52 

66 Jiang and 

Teng [37] 

2007 GFRP 152 0.34 80.1 45.9 52.8 1.15 0.36 33.29 0.47 47.0 1.02 1.41 

67 Jiang and 

Teng [37] 

2007 GFRP 152 0.34 80.1 45.9 55.2 1.20 0.36 34.11 0.59 47.5 1.03 1.73 

68 Jiang and 
Teng [37] 

2007 GFRP 152 0.51 80.1 45.9 64.6 1.41 0.54 23.06 1.03 49.3 1.07 4.47 

69 Jiang and 

Teng [37] 

2007 GFRP 152 0.51 80.1 45.9 65.9 1.44 0.54 17.63 0.79 50.9 1.11 4.48 

70 Jiang and 

Teng [37] 

2007 CFRP 152 0.68 240.7 38.0 110.1 2.90 2.15 17.48 2.22 55.9 1.47 12.70 

71 Jiang and 
Teng [37] 

2007 CFRP 152 0.68 240.7 38.0 107.4 2.83 2.15 20.09 2.36 48.7 1.28 11.75 

72 Jiang and 

Teng [37] 

2007 CFRP 152 1.02 240.7 38.0 129.0 3.39 3.23 21.66 2.70 56.1 1.48 12.47 

73 Jiang and 

Teng [37] 

2007 CFRP 152 1.02 240.7 38.0 135.7 3.57 3.23 16.83 2.63 55.0 1.45 15.63 

74 Jiang and 

Teng [37] 

2007 CFRP 152 1.36 240.7 38.0 161.3 4.24 4.31 19.53 2.79 59.7 1.57 14.29 

75 Jiang and 

Teng [37] 

2007 CFRP 152 1.36 240.7 38.0 158.5 4.17 4.31 14.69 2.77 61.1 1.61 18.86 

76 Jiang and 

Teng [37] 

2007 CFRP 152 0.11 260 37.7 48.5 1.29 0.38 27.59 1.09 38.9 1.03 3.95 

77 Jiang and 
Teng [37] 

2007 CFRP 152 0.11 260 37.7 50.3 1.33 0.38 27.39 1.32 38.3 1.02 4.82 

78 Jiang and 
Teng [37] 

2007 CFRP 152 0.11 260 44.2 48.1 1.09 0.38 27.64 1.15 40.2 0.91 4.16 

79 Jiang and 

Teng [37] 

2007 CFRP 152 0.11 260 44.2 51.1 1.16 0.38 30.25 0.91 43.1 0.98 3.01 

80 Jiang and 

Teng [37] 

2007 CFRP 152 0.22 260 44.2 65.7 1.49 0.75 30.07 1.87 43.9 0.99 6.22 

81 Jiang and 
Teng [37] 

2007 CFRP 152 0.22 260 44.2 62.9 1.42 0.75 27.00 2.12 41.0 0.93 7.85 

82 Jiang and 

Teng [37] 

2007 CFRP 152 0.33 260 47.6 82.7 1.74 1.13 31.99 2.52 50.2 1.05 7.88 

83 Jiang and 

Teng [37] 

2007 CFRP 152 0.33 260 47.6 85.5 1.80 1.13 31.83 2.13 51.5 1.08 6.69 

84 Jiang and 
Teng [37] 

2007 CFRP 152 0.33 260 47.6 85.5 1.80 1.13 28.92 2.09 49.4 1.04 7.23 

85 Wang and 

Wu [98] 

2008 CFRP 150 0.17 219 30.9 55.8 1.81 0.48 29.05 1.31 32.3 1.05 4.51 

86 Wang and 

Wu [98] 

2008 CFRP 150 0.17 219 52.1 67.9 1.30 0.48 34.96 1.57 49.6 0.95 4.49 

87 Wang and 
Wu [98] 

2008 CFRP 150 0.33 197 52.1 99.3 1.91 0.87 34.49 2.35 53.6 1.03 6.81 

88 Benzaid et al. 

[99] 

2010 CFRP 160 1.00 34 25.9 39.6 1.53 0.43 24.77 0.84 28.7 1.11 3.39 

89 Benzaid et al. 

[99] 

2010 CFRP 160 3.00 34 25.9 66.1 2.55 1.28 45.54 2.10 34.4 1.33 4.61 

90 Benzaid et al. 
[99] 

2010 CFRP 160 3.00 34 49.5 82.9 1.68 1.28 39.45 3.48 58.2 1.18 8.82 

91 Benzaid et al. 

[99] 

2010 CFRP 160 3.00 34 61.8 93.2 1.51 1.28 25.48 2.11 71.5 1.16 8.28 

92 Cui and 

Sheikh [100] 

2010 CFRP 152 1.00 84.6 48.1 80.9 1.68 1.11 31.95 2.40 47.2 0.98 7.51 

93 Cui and 
Sheikh [100] 

2010 CFRP 152 1.00 84.6 48.1 86.6 1.80 1.11 29.28 2.55 49.3 1.02 8.71 

94 Cui and 

Sheikh [100] 

2010 CFRP 152 2.00 84.6 48.1 109.4 2.27 2.23 28.26 2.99 50.2 1.04 10.58 

95 Cui and 

Sheikh [100] 

2010 CFRP 152 2.00 84.6 48.1 126.7 2.63 2.23 24.25 2.71 55.8 1.16 11.18 

96 Cui and 
Sheikh [100] 

2010 CFRP 152 3.00 84.6 48.1 162.7 3.38 3.34 29.15 3.42 58.7 1.22 11.73 

97 Cui and 

Sheikh [100] 

2010 CFRP 152 3.00 84.6 48.1 153.6 3.19 3.34 29.34 3.45 57.1 1.19 11.76 

98 Cui and 

Sheikh [100] 

2010 CFRP 152 1.00 84.6 48.1 84.2 1.75 1.11 32.48 2.26 50.6 1.05 6.96 
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99 Cui and 
Sheikh [100] 

2010 CFRP 152 1.00 84.6 48.1 87.9 1.83 1.11 32.74 2.30 50.3 1.05 7.03 

100 Cui and 

Sheikh [100] 

2010 CFRP 152 2.00 84.6 48.1 123.3 2.56 2.23 29.07 2.92 55.1 1.15 10.04 

101 Cui and 

Sheikh [100] 

2010 CFRP 152 2.00 84.6 48.1 108.2 2.25 2.23 31.04 3.11 52.6 1.09 10.02 

102 Cui and 
Sheikh [100] 

2010 CFRP 152 3.00 84.6 48.1 156.5 3.25 3.34 30.10 3.30 55.8 1.16 10.96 

103 Cui and 

Sheikh [100] 

2010 CFRP 152 3.00 84.6 48.1 157.0 3.26 3.34 31.62 3.59 56.6 1.18 11.35 

104 Cui and 

Sheikh [100] 

2010 CFRP 152 1.00 84.6 79.9 105.3 1.32 1.11 53.05 2.59 86.3 1.08 4.88 

105 Cui and 
Sheikh [100] 

2010 CFRP 152 2.00 84.6 79.9 142.1 1.78 2.23 48.96 4.58 88.8 1.11 9.35 

106 Cui and 

Sheikh [100] 

2010 CFRP 152 2.00 84.6 79.9 140.8 1.76 2.23 44.66 4.92 89.6 1.12 11.02 

107 Cui and 

Sheikh [100] 

2010 CFRP 152 3.00 84.6 79.9 172.9 2.16 3.34 54.30 5.69 88.4 1.11 10.48 

108 Cui and 

Sheikh [100] 

2010 CFRP 152 3.00 84.6 79.9 181.8 2.28 3.34 51.54 5.80 94.8 1.19 11.25 

109 Cui and 

Sheikh [100] 

2010 CFRP 152 0.11 241.3 45.6 57.7 1.27 0.35 31.30 0.86 47.5 1.04 2.75 

110 Cui and 

Sheikh [100] 

2010 CFRP 152 0.11 241.3 45.6 55.4 1.21 0.35 36.41 0.86 44.1 0.97 2.36 

111 Cui and 
Sheikh [100] 

2010 CFRP 152 0.22 241.3 45.6 78.0 1.71 0.70 26.92 1.68 46.0 1.01 6.24 

112 Cui and 
Sheikh [100] 

2010 CFRP 152 0.22 241.3 45.6 86.8 1.90 0.70 28.08 1.79 48.8 1.07 6.37 

113 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 241.3 45.6 106.5 2.34 1.06 31.18 2.14 45.9 1.01 6.86 

114 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 241.3 45.6 106.0 2.32 1.06 32.22 2.20 48.2 1.06 6.83 

115 Cui and 
Sheikh [100] 

2010 CFRP 152 0.11 241.3 45.6 56.3 1.23 0.35 38.63 1.01 43.5 0.95 2.61 

116 Cui and 

Sheikh [100] 

2010 CFRP 152 0.11 241.3 45.6 58.8 1.29 0.35 38.72 1.31 44.2 0.97 3.38 

117 Cui and 

Sheikh [100] 

2010 CFRP 152 0.22 241.3 45.6 81.9 1.80 0.70 31.08 1.89 46.9 1.03 6.08 

118 Cui and 
Sheikh [100] 

2010 CFRP 152 0.22 241.3 45.6 82.8 1.82 0.70 38.69 1.66 46.7 1.02 4.29 

119 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 241.3 45.6 107.3 2.35 1.06 32.44 2.16 47.3 1.04 6.66 

120 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 241.3 45.6 108.6 2.38 1.06 32.96 2.21 48.3 1.06 6.71 

121 Cui and 
Sheikh [100] 

2010 CFRP 152 0.16 437.5 45.7 67.5 1.48 0.94 39.02 2.40 41.8 0.91 6.15 

122 Cui and 

Sheikh [100] 

2010 CFRP 152 0.16 437.5 45.7 64.1 1.40 0.94 42.57 2.47 39.2 0.86 5.80 

123 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 437.5 45.7 84.2 1.84 1.88 33.43 3.32 40.6 0.89 9.93 

124 Cui and 
Sheikh [100] 

2010 CFRP 152 0.33 437.5 45.7 83.1 1.82 1.88 32.97 3.33 43.1 0.94 10.10 

125 Cui and 

Sheikh [100] 

2010 CFRP 152 0.49 437.5 45.7 99.7 2.18 2.81 32.23 3.53 45.1 0.99 10.95 

126 Cui and 

Sheikh [100] 

2010 CFRP 152 0.49 437.5 45.7 94.9 2.08 2.81 36.01 3.67 42.8 0.94 10.19 

127 Cui and 
Sheikh [100] 

2010 CFRP 152 0.16 437.5 45.7 65.8 1.44 0.94 36.59 2.49 42.1 0.92 6.81 

128 Cui and 

Sheikh [100] 

2010 CFRP 152 0.16 437.5 45.7 65.9 1.44 0.94 35.49 2.41 41.7 0.91 6.79 

129 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 437.5 45.7 88.1 1.93 1.88 38.43 3.30 41.2 0.90 8.59 

130 Cui and 
Sheikh [100] 

2010 CFRP 152 0.33 437.5 45.7 82.0 1.79 1.88 33.51 3.33 42.2 0.92 9.94 

131 Cui and 

Sheikh [100] 

2010 CFRP 152 0.65 437.5 45.7 103.2 2.26 3.75 33.70 3.94 43.7 0.96 11.69 

132 Cui and 

Sheikh [100] 

2010 CFRP 152 0.65 437.5 45.7 105.6 2.31 3.75 35.01 3.31 45.0 0.98 9.45 
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133 Cui and 
Sheikh [100] 

2010 CFRP 152 0.33 437.5 85.7 117.7 1.37 1.88 45.57 3.70 90.4 1.05 8.12 

134 Cui and 

Sheikh [100] 

2010 CFRP 152 0.33 437.5 85.7 117.5 1.37 1.88 42.86 4.45 89.9 1.05 10.38 

135 Cui and 

Sheikh [100] 

2010 CFRP 152 0.65 437.5 85.7 161.6 1.89 3.75 44.32 7.53 86.4 1.01 16.99 

136 Cui and 
Sheikh [100] 

2010 CFRP 152 0.65 437.5 85.7 162.6 1.90 3.75 46.49 7.16 94.8 1.11 15.40 

137 Cui and 

Sheikh [100] 

2010 GFRP 152 1.25 21.47 47.7 59.1 1.24 0.35 59.65 1.30 42.8 0.90 2.18 

138 Cui and 

Sheikh [100] 

2010 GFRP 152 1.25 21.47 47.7 59.8 1.25 0.35 51.96 1.49 43.0 0.90 2.87 

139 Cui and 
Sheikh [100] 

2010 GFRP 152 2.50 21.47 47.7 88.9 1.86 0.71 42.60 1.99 47.3 0.99 4.67 

140 Cui and 

Sheikh [100] 

2010 GFRP 152 2.50 21.47 47.7 88.0 1.84 0.71 36.34 1.92 47.2 0.99 5.28 

141 Cui and 

Sheikh [100] 

2010 GFRP 152 3.75 21.47 47.7 113.2 2.37 1.06 31.03 2.24 52.3 1.10 7.22 

142 Cui and 

Sheikh [100] 

2010 GFRP 152 3.75 21.47 47.7 112.5 2.36 1.06 27.13 2.20 52.0 1.09 8.11 

143 Cui and 

Sheikh [100] 

2010 GFRP 152 1.25 21.47 47.7 63.4 1.33 0.35 36.99 1.10 47.0 0.99 2.97 

144 Cui and 

Sheikh [100] 

2010 GFRP 152 1.25 21.47 47.7 62.4 1.31 0.35 49.53 1.14 47.7 1.00 2.30 

145 Cui and 
Sheikh [100] 

2010 GFRP 152 2.50 21.47 47.7 89.7 1.88 0.71 40.00 1.98 47.9 1.00 4.95 

146 Cui and 
Sheikh [100] 

2010 GFRP 152 2.50 21.47 47.7 88.3 1.85 0.71 34.73 2.01 48.8 1.02 5.79 

147 Cui and 

Sheikh [100] 

2010 GFRP 152 3.75 21.47 47.7 108.0 2.26 1.06 32.03 2.20 52.5 1.10 6.87 

148 Dai et al. 

[101] 

2011 AFRP 152 0.17 115.2 39.2 61.4 1.57 0.26 16.70 0.85 41.8 1.07 5.09 

149 Dai et al. 
[101] 

2011 AFRP 152 0.17 115.2 39.2 62.7 1.60 0.26 13.54 0.83 43.8 1.12 6.13 

150 Dai et al. 

[101] 

2011 AFRP 152 0.17 115.2 39.2 55.8 1.42 0.26 14.87 1.00 35.3 0.90 6.72 

151 Dai et al. 

[101] 

2011 AFRP 152 0.34 115.2 39.2 90.1 2.30 0.51 16.26 1.22 47.3 1.21 7.50 

152 Dai et al. 
[101] 

2011 AFRP 152 0.34 115.2 39.2 88.3 2.25 0.51 19.04 1.35 43.0 1.10 7.09 

153 Dai et al. 

[101] 

2011 AFRP 152 0.34 115.2 39.2 83.3 2.13 0.51 11.70 1.19 40.6 1.04 10.17 

154 Dai et al. 

[101] 

2011 AFRP 152 0.51 115.2 39.2 113.2 2.89 0.77 15.30 1.51 52.6 1.34 9.87 

155 Dai et al. 
[101] 

2011 AFRP 152 0.51 115.2 39.2 116.3 2.97 0.77 11.68 1.42 53.8 1.37 12.16 

156 Dai et al. 

[101] 

2011 AFRP 152 0.51 115.2 39.2 118 3.01 0.77 12.28 1.38 53.4 1.36 11.24 

157 Wang et al. 

[102] 

2012 CFRP 204 0.17 244 24.5 46.1 1.88 0.40 13.22 0.77 27.8 1.13 5.82 

158 Wang et al. 
[102] 

2012 CFRP 204 0.33 244 24.5 65.2 2.66 0.80 13.59 1.03 29.2 1.19 7.58 

159 Lim and 

Ozbakkaloglu 
[103] 

2014 AFRP 150 0.20 128.5 29.6 52.5 1.77 0.34 29.30 1.03 31.4 1.06 3.52 

160 Lim and 

Ozbakkaloglu 
[103] 

2014 AFRP 150 0.20 128.5 29.6 50.3 1.70 0.34 25.00 1.02 30.6 1.03 4.08 

161 Lim and 

Ozbakkaloglu 
[103] 

2014 AFRP 150 0.20 128.5 29.6 50.5 1.71 0.34 28.87 0.93 32.2 1.09 3.22 

162 Lim and 

Ozbakkaloglu 
[103] 

2014 CFRP 150 0.17 236 29.6 57.3 1.94 0.52 32.13 1.18 36.1 1.22 3.67 

163 Lim and 

Ozbakkaloglu 
[103] 

2014 CFRP 150 0.17 236 29.6 60.4 2.04 0.52 27.86 1.25 35.9 1.21 4.49 
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164 Lim and 
Ozbakkaloglu 

[103] 

2014 CFRP 150 0.17 236 29.6 61.2 2.07 0.52 31.65 1.18 35.2 1.19 3.73 

165 Lim and 
Ozbakkaloglu 

[103] 

2014 GFRP 150 0.20 95.3 29.6 50.8 1.72 0.25 30.38 0.87 35.8 1.21 2.86 

166 Lim and 
Ozbakkaloglu 

[103] 

2014 GFRP 150 0.20 95.3 29.6 46.6 1.57 0.25 26.08 0.87 33.8 1.14 3.34 

167 Lim and 
Ozbakkaloglu 

[103] 

2014 GFRP 150 0.20 95.3 29.6 49.4 1.67 0.25 24.38 0.76 34.9 1.18 3.12 

168 Lim and 
Ozbakkaloglu 

[103] 

2014 AFRP 150 0.40 128.5 49.6 83.1 1.68 0.69 33.90 1.34 49.6 1.00 3.95 

169 Lim and 
Ozbakkaloglu 

[103] 

2014 AFRP 150 0.40 128.5 49.6 87.2 1.76 0.69 24.50 1.55 53.0 1.07 6.33 

170 Lim and 

Ozbakkaloglu 

[103] 

2014 AFRP 150 0.40 128.5 49.6 84 1.69 0.69 35.15 1.26 51.1 1.03 3.58 

171 Lim and 
Ozbakkaloglu 

[103] 

2014 CFRP 150 0.33 236 49.6 98 1.98 1.04 37.96 1.92 52.5 1.06 5.06 

172 Lim and 
Ozbakkaloglu 

[103] 

2014 CFRP 150 0.33 236 49.6 95.3 1.92 1.04 43.99 2.01 54.0 1.09 4.57 

173 Lim and 

Ozbakkaloglu 

[103] 

2014 CFRP 150 0.33 236 49.6 100.3 2.02 1.04 38.93 2.11 58.2 1.17 5.42 

174 Lim and 

Ozbakkaloglu 

[103] 

2014 GFRP 150 0.40 95.3 49.6 78.3 1.58 0.51 44.20 1.33 55.3 1.11 3.01 

175 Lim and 

Ozbakkaloglu 

[103] 

2014 GFRP 150 0.40 95.3 49.6 75.6 1.52 0.51 34.78 1.15 55.6 1.12 3.31 

176 Lim and 

Ozbakkaloglu 

[103] 

2014 GFRP 150 0.40 95.3 49.6 71.4 1.44 0.51 43.93 1.20 55.5 1.12 2.73 

177 Lim and 

Ozbakkaloglu 

[103] 

2014 GFRP 150 0.60 95.3 74.1 90.8 1.23 0.76 51.91 1.66 81.8 1.10 3.20 

178 Lim and 

Ozbakkaloglu 

[103] 

2014 GFRP 150 0.60 95.3 74.1 91.8 1.24 0.76 41.65 1.53 74.0 1.00 3.67 

179 Lim and 

Ozbakkaloglu 

[104] 

2014 AFRP 150 1.20 128.5 85.7 166.2 1.94 2.06 36.49 2.89 107.0 1.25 7.92 

180 Lim and 

Ozbakkaloglu 

[104] 

2014 AFRP 150 1.20 128.5 85.7 168 1.96 2.06 51.10 2.95 101.3 1.18 5.77 

181 Lim and 

Ozbakkaloglu 

[104] 

2014 AFRP 150 1.20 128.5 85.6 165.2 1.93 2.06 45.65 2.80 102.9 1.20 6.13 

182 Lim and 

Ozbakkaloglu 

[104] 

2014 AFRP 150 1.20 128.5 112.3 168.4 1.50 2.06 54.73 3.49 107.5 0.96 6.38 

183 Lim and 

Ozbakkaloglu 

[104] 

2014 GFRP 150 0.80 95.3 57.4 125.7 2.19 1.02 49.45 1.74 67.5 1.18 3.52 

184 Lim and 

Ozbakkaloglu 

[104] 

2014 GFRP 150 0.80 95.3 57.3 127.2 2.22 1.02 41.29 1.58 71.4 1.25 3.83 

185 Lim and 

Ozbakkaloglu 

[104] 

2014 GFRP 150 0.80 95.3 57.3 131.2 2.29 1.02 26.10 1.60 72.8 1.27 6.13 

186 Lim and 

Ozbakkaloglu 

[104] 

2015 AFRP 150 0.80 128.5 74.8 130.1 1.74 1.37 42.94 2.33 89.9 1.20 5.43 
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187 Lim [105] 2015 AFRP 150 0.80 128.5 75.0 130.5 1.74 1.37 48.23 1.92 91.4 1.22 3.98 

188 Lim [105] 2015 AFRP 150 0.80 128.5 74.9 139.3 1.86 1.37 42.50 2.19 91.8 1.23 5.15 

189 Lim [105] 2015 GFRP 150 0.80 95.3 73.9 136.0 1.84 1.02 44.02 1.76 90.4 1.22 4.00 

190 Lim [105] 2015 GFRP 150 0.80 95.3 74.2 138.7 1.87 1.02 38.41 1.76 90.5 1.22 4.58 

191 Lim [105] 2015 GFRP 150 0.80 95.3 74.1 136.3 1.84 1.02 48.89 1.82 87.1 1.18 3.72 

192 Lim [105] 2015 GFRP 150 0.40 95.3 34.8 78.1 2.25 0.51 30.16 1.19 40.3 1.16 3.95 

193 Lim [105] 2015 GFRP 150 0.40 95.3 34.7 76.3 2.20 0.51 27.67 1.10 39.4 1.14 3.98 

194 Lim [105] 2015 GFRP 150 0.40 95.3 34.8 75.1 2.16 0.51 30.71 1.13 40.8 1.17 3.68 

195 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 0.90 24.62 40.0 55.9 1.40 0.30 38.46 1.32 45.0 1.13 3.43 

196 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 0.90 24.62 40.0 56.8 1.42 0.30 34.86 1.44 45.6 1.14 4.13 

197 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 1.80 24.62 40.0 76.4 1.91 0.59 30.67 1.42 49.4 1.24 4.63 

198 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 1.80 24.62 40.0 78.2 1.95 0.59 44.75 1.55 49.7 1.24 3.46 

199 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 2.70 24.62 40.0 95.4 2.38 0.89 32.39 2.14 50.5 1.26 6.61 

200 Fillmore and 
Sadeghian 

[84] 

2018 BFRP 150 2.70 24.62 40.0 99.0 2.47 0.89 41.14 1.71 54.5 1.36 4.16 

Mean 151 0.89 178.2 47.8 90.5 1.94 1.29 31.56 2.21 52.43 1.10 7.36 

STD 11.6 0.9 122.5 18.4 36.7 0.6 1.05 10.7 1.4 20.6 0.14 3.9 

COV(%) 8 105 69 38 41 30 82 34 64 40 13 53 

Note: * The values are found in the current study; STD = standard deviation; COV = coefficient of variation. 
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Table 6. Performance comparison of the proposed axial stress-strain model against the 

models from the literature (sorted based on the lowest RMSE). 

No. Resource Year RMSE AAE MSE SD 

1 Current study 2020 6.17 0.0930 0.0185 0.1361 

2 Fahmy and Wu [63] 2010 7.20 0.1021 0.0196 0.1320 

3 Teng et al. [90] 2009 7.53 0.1036 0.0202 0.1282 

4 Lam and Teng [25] 2003 8.13 0.1054 0.0209 0.1377 

5 Yu and Teng [62] 2011 8.19 0.1192 0.0238 0.1287 

6 Xiao and Wu [70] 2003 8.97 0.1132 0.0245 0.1466 

7 Samaan et al. [21] 1998 13.48 0.1872 0.0483 0.1394 

8 Saadatmanesh et al. [106]* 1994 16.55 0.2105 0.0688 0.2320 

9 Youssef et al. [107] 2007 18.71 0.2166 0.0632 0.1490 

10 Djafar-Henni and Kassoul [73] 2018 19.24 0.1928 0.0842 0.2894 

11 Yan et al. [18] 2007 32.60 0.4394 0.2287 0.2489 

12 Wu et al. [71] 2009 44.98 0.3987 0.2784 0.4413 

13 Xiao and Wu [53] 2000 45.24 0.5768 1.0240 0.8686 

14 Wu and Wang [72] 2010 48.94 0.4289 0.3251 0.4733 

15 Fardis and Khalili [46] 1982 49.83 0.6904 0.5020 0.1648 

* Saadatmanesh et al. [106] used Mander et al. [13] for confining pressure and Popovics [50] curve. 
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Table 7. Comparison of the ultimate confined strain. 

Selected 

rupture 

strain 

No. Resource Year Formula 
RMSE 

for 
𝜺𝒄𝒄

𝜺𝒄𝒐
 

AAE 

for 
𝜺𝒄𝒄

𝜺𝒄𝒐
 

Hoop 

rupture 

strain 

(εhr) used 

for the 

ultimate 

condition 

1 

Current 

study 

(Eq. 33) 

2020 𝜀𝑐𝑐 =
𝑓′𝑐𝑐 − 𝑓𝑜
𝐸2

 2.675 0.316 

2 
Teng et 

al. [24] 
2009 

𝜀𝑐𝑐
𝜀𝑐𝑜

= 1.75 + 12𝜌𝐾𝜌𝜀
1.45 

𝜌𝐾 =
2𝐸𝑓𝑡𝑓

(𝑓′𝑐𝑜/𝜀𝑐𝑜)𝐷
  ;   𝜌𝜀 =

𝜀ℎ𝑟
𝜀𝑐𝑜

 
3.46 0.361 

3 
Pham and 

Hadi [87] 
2013 

𝜀𝑐𝑐 = 𝜀𝑐𝑜 +
4𝑘𝑡𝑓𝑓𝑓𝑒𝜀𝑓𝑒

𝐷(𝑓′
𝑐𝑜
+ 𝑓′𝑐𝑐)

 

𝜀𝑐𝑜 = (−0.067𝑓
′
𝑐𝑜

2
+ 29.9𝑓′

𝑐𝑜
+ 1053) × 10−6 

𝑓𝑓𝑒 = 𝐸𝑓𝜀𝑓𝑒 ; 𝑘 = 7.6 

4.83 0.416 

Effective 

rupture 

strain 

(εfe = ke  

εfu) was 

used for 

the 

ultimate 

condition 

4 

Current 

study 

(Eq. 33) 

2020 𝜀𝑐𝑐 =
𝑓′𝑐𝑐 − 𝑓𝑜
𝐸2

 3.208 0.452 

5 
Wu and 

Cao [89] 
2017 

𝜀𝑐𝑐
𝜀𝑐𝑜

= 1.75 + 27.34(
𝑓30
𝑓𝑐𝑜
)
0.354

(
𝐸𝐿
𝑓𝑐𝑜
)
−0.165 𝐸1

𝐸𝑠𝑒𝑐 + 1.75𝐸2
(
𝜀𝑓𝑢

𝜀𝑐𝑜
)
1.16

 

𝐸2 = 𝑛2(245.6𝑓𝑐𝑜
𝑛1 + 0.6728𝐸𝐿) 

𝑓30 = 30𝑀𝑃𝑎   ; 𝐸𝑠𝑒𝑐 = 𝑓𝑐𝑜/𝜀𝑐𝑜 

𝑛1 = 0.5  , 𝑛2 = 0.83   𝑓𝑜𝑟  𝑓
′
𝑐𝑜
≤ 40𝑀𝑃𝑎 

𝑛1 = 0.2 , 𝑛2 = 1.73   𝑓𝑜𝑟  𝑓
′
𝑐𝑜
> 40𝑀𝑃𝑎 

4.048 0.488 

6 

Lim and 

Ozbakkal

oglu [88] 

2015 

𝜀𝑐𝑐 =
𝜀ℎ𝑟

𝑣𝑖 [1 + (
𝜀ℎ𝑟
𝑣𝑖𝜀𝑐𝑜

)
𝑛

]
1 𝑛⁄

+ 0.04𝜀ℎ𝑟
0.7 [1 + 21 (

𝑓𝑙
𝑓′𝑐𝑜

)
0.8

] 

𝑣𝑖 = 8 × 10
−6𝑓′𝑐𝑜

2
+ 0.0002𝑓′𝑐𝑜 + 0.138 

𝜀𝑐𝑜 = (−0.067𝑓
′
𝑐𝑜

2
+ 29.9𝑓′𝑐𝑜 + 1053) × 10

−6 

𝑛 = 1 + 𝑓′
𝑐𝑜

 

𝜀ℎ𝑟 = 𝑘𝑒𝜀𝑓𝑢 ;  𝑘𝑒 = 0.9 − 2.3𝑓
′
𝑐𝑜
× 10−3 − 0.75𝐸𝑓 × 10

−6 

4.14 0.422 

Note: For comparison of errors, all predicted values of ultimate confined strain (εcc) were normalized by the strain 

corresponding to the unconfined concrete strength (𝜺𝒄𝒐 = 𝟗. 𝟑𝟕 × 𝟏𝟎−𝟒√𝒇𝒄𝒐
′𝟒

 ). 
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Fig. 1. Five-parameter plasticity model of Willam and Warnke [29]: (a) Three-dimensional 

scheme and(b) Schematic deviatoric sections. 
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Fig. 2. Compression and tensile meridians. 
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Fig. 3. Principal stresses in FRP-wrapped concrete column under pure compression. 
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Fig. 4. Derivation of the best-fitted curve in octahedral space for compression meridian. 
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Fig. 5. Comparison of the predicted values and the experimental test results for strength.  
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Fig. 6. Comparison of confined concrete equations: (a) database and (b) selected range. 
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Fig. 7. Minimum required confinement limit: (a) reduced database and (b) comparison. 
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Fig. 8. Schematic Stress-Strain Curve Models. 
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Fig. 9. Regression results for deriving equations for: (a) E2 and (b) fo. 
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Fig. 10. Error distribution for axial stress-strain: (a) Current study and (b) Lam and Teng 

[25]. 

  



Page 62 of 62 

 

 

Fig. 11. Sample of axial stress-strain curves: (a) Xiao and Wu [53]; (b) Lam and Teng [93]; 

(c) Rousakis and Tepfers [94]; (d) Berthet et al. [95]; (e) Jiang and Teng [37]; (f) Wang and 

Wu [98]; (g) Cui and Sheikh [100]; (h) Dai et al. [101]; (i) Lim and Ozbakkaloglu [103]; (j) 

Lim and Ozbakkaloglu [104]; (k) Lim [105]; (l) Fillmore and Sadeghian [84]. 


